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Unit-1 
QUADRATIC EQUATIONS 


In this unit, students will learn how to 














2a define quadratic equation. 
2a. solve a quadratic equation in one variable by factorization. 

22. solve a quadratic equation in one variable by completing square. 
derive quadratic formula by using method of completing square. 
solve.a quadratic equation by using quadratic formula. 

solve the equations of the type ax‘ + bx’? + c = 0 by reducing it to the 
quadratic form. : 


ww w 










solve the equations of the type a p(x) +=) D = 


we 


I 
solve reciprocal equations of the type a G + 1 +b (» + = +c=0. 


2a solve exponential equations involving variables in exponents. 


2a solve equations of the type (x + a) (x +b) (x +c) (x+a@)= 
wherea+b=c +d. | 


2a solve radical equations of the types 
(i) Vax +b =cx +d, 

(ii) \x+a+\x+b=\x+e, 
(iii) \x? + px +m +x? +pxtn=q. 
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1.1. Quadratic Equation 
| An equation, which contains the square of the unknown (variable) quantity, but no higher 
power, is called a quadratic equation or an equation of the second degree. 
A second degree equation in one variable x of the form 
ax2+bx+c=0 , where a#0 anda, b,c are real numbers, 
is called the general or standard form of a quadratic equation. 
Here ais the co-efficient of x’, b is the co-efficient of x and constant term is c. 
| The equations x2 — 7x + 6 = 0 and 3x2 + 4x=5 |Remember that: If a=0 in 
are the examples of quadratic equations. ax? + bx +c =0, then it reduces to 
x? — 7x + 6 = 0 is in standard form but a linear equation bx + c = 0. 
3x” + 4x = 5 is not in standard form. 





——— a 
a 





If b=0 in a quadratic equation ax? + bx +c =0, 





then it is called a pure quadratic equation. For |Activity: Write two pure 


example x? — 16 = 0 and 4x? = 7 are the pure quadratic |quadratic equations. 
_ equations. 7 


1.2 Solution of quadratic equations 
To find solution set of a quadratic equation, following methods are used: 
(i) factorization (ii) 
1 -2(i) Solution by factorization: 


completing square 
_In this method, write the quadratic equation in the standard form as 
ax? + bx+c=0 (i) 


If two numbers r and s can be found for equation (i) such that r+ s= b and rs = ac, 
then ax* + bx + c can be factorized into two linear factors. 


The procedure is explained in the following examples. 


Example 1: Solve the quadratic equation 3x* — 6x = x + 20 by factorization. 
Solution: 3x4 —6x=x+20 . 


(i) 
The standard form of (i)is 3x2-—7x-—20=0 (ii) 
5 i Here a=3,b=-7,c=-20 and ac=3x-20= 60 
As 


—s | | : —12+5=-7 and -12 x 5 =-60, SO 
= - ___ the equation (ii) can be written as 
3x2 12x + 5x-20=0 
Ne Wr Ep a 9° 
= Oe ei ve tee /@&-4) Gx+5)= 
x-4 or Ee 
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x=4 or 3x =—5 “aay 


3 


3 . ieee ae 
x=—%3, 4 are the solutions of the given equation. 


Thus, the solution set 1s ‘- 2 ,4 
Example 2: Solve 5x2 = 30x by factorization. 
Solution: 5x? = 30x Remember that: Cancelling of x on 


5x2 -30x=0 which is factorized as |both sides of 5x* = 30x means the loss 
5x(x — 6) =0 of one root i.e., x =0 


Either 5x=0 or x-6=0 => x=0 or x=6 





x = 0, 6 are the roots of the given equation. 
Thus, the solution set is {0, 6}. 
1.2(ii) Solution by completing square: 


To solve a quadratic equation by the method of completing square is illustrated 
through the following examples. 


Example 1: Solve the equation x* — 3x—4=0 by completing square. 


Solution: x —3x-4=0 (i) 
Shifting constant term —4 to the right, we have 
x*-3x=4 eea(ii) 


*) 


| Oa 
Adding the square of 5 x coefficient of x, that is, (5 x (-3)) = (=) 
on both sides of equation (11), we get. 
2 2\2 
3) 3 
x? — ax+(- 5) = at (e=) 
( 3) a4 9 1649 
Boy ee ee 


3\ea25 


Taking square root of both sides of the above equation, we have 





3) 3) 
x $=+3 or x=525 



















— a a a — = 8 


oy. 4and— 1 are the roots of the given equation. 
the solution set is {—1, 4}. 
he e equation 2x? — 5x-3=0 by “a square. 


BI 2 
m—5t01 the right | co-efficient of x equal to 1 in the 


tity co-e aa i, Cae a 


t - | : 
eth ow 
BIet i] =| ie 
athe the dS 


—] 
< . aul . 
alot 


(Remember that: For.  our|. 
convenience, we make the 





eC a ne | 
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EXERCISE 1.1 . . 
1. Write the following quadratic PES in the standard form and point out 
pure quadratic equations. . 
(i). (x+7)(—-3)=-7 | (ii) ett xy 
At Aa tele a xe bay 2 
ODS yal axe OV) 72a a 
x43. 2-5, . a x+1 x+2 25 
WW) Seid ae yD) 2 eae 1D 
2. Solve by factorization: _ 
(i) x*-x-—20=0 (ii) * 3y2=y(y—5S) 
(iii) 4-—32x= 17x? (iv) 2x*—11lx=152 
* 5G red Vee Speci 4a) 2 = _ eal 
(v) Ee bal al (vi) 1 One x-4 
3: Solve the following equations by completing square: 
(i) Tx? +2x—-1=0 (ii) ax2+4x—-a=0,a40 
(iii) 1llx*-34x+3=0 (iv) k?+mx+n=0,140 
(v) 3x24 7x =0 (vi) .x*- 2x — 195 =0 
(vii) —x? + 2 =f ae (viii) = +1Ix+4 a) =0 
; 8 = 3x7 + 5 
CX) Si Saran al 


(x) 7(x+2a)* + 3a? = 5a (7x + 23a) 


1.3 Quadratic Formula: 
1.3. (i) Derivation of quadratic formula by using completing square method. 
The quadratic equation in standard form is 
ax? +bx+c= 0, a#0 
Dividing each term of the equation by a, we get 


b 
24—-x4+—= 
x4 Tx +4 B) 0 
Cc ee . 
Shifting constant term to the right, we have 
C 
242 i aa 


Adding al on both sides, we obtain 





Bas, 
ml 4 ih —_ 
le A Ny i° 


‘f=x = i ant ® 
a i 
- Qu uadratic Equ ations 
pone nes ih tone lle 












,a#0 is known as “quadratic form 


formula: 
The quadratic fol ee a useful tool for solving all those equations which can or 
€ fact oy vt ed, |. The method to solve the quadratic equation by using quadratic formula 
ated throt ) gh the following gxamples.: 


. eb =0 ~ oe + 9) +(-2)=0 
dard gus dratic equation ax? + bx+c=0, we observe that 
j 2 c=—2 | ‘ panes 


in” Ret : Using quadratic formula, 
| write te the solution set of x2 +x —2=0. 





* =e eine bi 
: 7 _ ~ 7 ee eel j 
eal 5p ee el ee a eee | 





a. 
. i 


i Sal DS eae 


(eo. Mathematics 10 


l 
. 2y— 5 are the roots of the given equation. 


Thus, the solution set is ‘- k 2p 

















5? 
"(2x x=—2 
Example 2: Using quadratic formula, solve the equation 75 - +4 4> 0. 
Soisdines) 11 lee 
olution: Sa mera 
Simplifying and writing in the standard form 
—(2x+1)@+4)-@-2) &+2)=0 
2x7 + 8x4+x4+4—-(x7-4)=0 
2x7 +9x4+4-—774+4=0 
or x7 +9x+8=0 
Here a@=1,0=9,c=8 
J sees —b +/b* —4ac 
Using quadratic formula x = aa. We have. 
9/9)? -4 x 1x8" 
2 2x | 
SHEN 181 — 32 aoe [49 —=9E7 
= 2 os 2 a) ee 
947 2 
a a 
= code L. —16 — 8 
OS 2 aoe 
-, —1l,—8 are the roots of the given equation. Thus, the solution set is {—8, —1}. 
EXERCISE 1.2 
Solve the following equations using quadratic formula: 








Gi) ne er Gi) | 5x2 Gx elle O 

(ii) 3x2 +x=4/3 (iv) 42-14=3x 

(vy) 6x?-3-7x=0 (vi) 3x7+8x4+2=0 

3 4 | wy «6X2 4=x 1 

ca) Gg-geaet! Gee 

(ix) Sara (x) — (I+ m) — Ix’ + (21+ m)x=0,140 


i 
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1.4 Equations reducible to quadratic form 


We now discuss different types of equations, which can be reduced to a quadratic 
equation by some proper substitution. . 


_ Type (i) The equations of the type ax‘ + bx? +c =0 
‘Replacing. x? = y in equation ax‘ + bx? + c = 0, 





we get a quadratic equation in y. 
Example 1: Solve the equation x*— 13x? + 36 =0. 
Solution: © x4— 13x7+ 36 =0  @ 
let x=y.Thenx4=y? 
Equation (i) becomes 


y* — 13y + 36 = 0 which can be factorized as 
y? —9y— 4y +36 =0 
yy — 9) - 4-9) =0 


 &-9) 0-4 =0 
Either .y—9=0 Or y—4=0, that is, 
“y=9 or y=4 
Put y=x" .. 
. x2=9 or x2=4 
‘=> x=t3 forex 2 


The solution set is {+2, +3} 


Type (ii) The equations of the type ap(x) +—— 





“7 | 
Example 2: Solve the equation 2(2x 1) ea =5. 
| 
" Solution: Given that 22x) +55 725. (i) | a 
Let 2x-—1l=y. 3 ) 
Then the equation () becomes yi. a Ptr | | 


2y4 = =5 of 2? +3= Sy 
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~ 4 A =" TA 
1 = 
When a) 
. 3 
2x—-1l=, C. y=2x-1) — 
=> 2x=3+1=2 => x=2 
When y=]; 
2x-l1=1 : C. y=2x-1) 
— 2xX= ila S35 =41 


Thus, the solution set is i ; “Ap 
Type (iii) Reciprocal equations of the type: | 
a(x + 43) +b(x+ *)+e=0 or axt+ bx +cx*+bx+a=0 
An equation is said to be a reciprocal equation, if it renuing unchanged, when x is replaced 


by =: 


Replacing x by . in ax* — bx? + cx* — bx + a=0, we have 


Of (0) (seamen 
a\x) —b\5) +¢\Z) —8\Z) +4=0 which is simp as 


a — bx +cx* — bx + ax’ =0. We get the same equation. 

Thus ax* — bx? + cx* — bx + a= 0 is a reciprocal equation. 
The method for solving reciprocal equation is illustrated through an Seah 
Example 3: Solve the equation 2x4 — 5x3 — 14x? — 5x+2=0. 
Solution: 2x4 — 5x3 - 14x2-5x+2=0 | 

Dividing each term by x? 
Dt ES Xe Axe OX: 2 
ee TH 


x? — 5x- 14-2 4-520 


{o2-+4)-s(2+2)-14=0 | oe @ 
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202+ 2c Sy - 14 = Oo or 2y2-4-Sy-14=0 
2y2 -5y—18=0 

2y2=9y + 4y—18=0 or y(2y—9)+2(2y-9)=0 
 (2y-9) +2)=0 — fa 
me or y+2=0 


= x ae 55: RUS halt 


51 nee or Aen eee 26>0'. 


The sen equation i) be becomes _ 





ha 
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ee or Sal > YFG 
Put y= 

y= 5) on St = 5-5 0 or x=-l 
.. The solution set is {+1}. 
Type (v) The equations of the type: 

(x + a) (x +6) (x+0c) (x+d)=k,whereat+b=c+d 
Example 5: Solve the equation (x— 1) (v +2) (x+8)(@+5)=19. 
Solution: (x— 1) (x +2) («+ 8) («+5)=19 


or [(x-— 1) &+8)] [@ + 2) &@ + 5)] -—19=0 C. —-1+8=2+5) 
(x2 + 7x — 8) (x* + 7x4 10)-19=0 (i) 
Let x2°+7x=y 


Then eq. (i) becomes (y—8)(y+10)-—19=0 
y* + 2y—80-—19=0 
y? + 2y—99 =0 
y2 + 1ly—9y—99=0 
y(y + 11)-9(y +11) =0 


(y +11) (y-9) =0 
Either y+11=0 or y-9=0 
Put y=x?2+7x,so | 
x24+7x+11=0 or x2 +7x-9=0 
Solving by quadratic formula, we have -7 +72 — 40) ©9) 
_-74\ (2 = 4) C11) se 2(1) 
= 2(1) _-7+49436 -7+-/85 
_=7+V49-44 — -7 +5 i 2 7 ane Ue 
= 2 eer lire 
-. The solution set is a5 Ss ; 


_ EXERCISE 1.3 


Solve the following equations. 














1. 2x4 —11x2+5=0 | a, 2x4 = 9x2 -—4 
3. Sx zx 4. x23+4+54= 15x18 
3 3 
5. 3x2 +5 = 8x! ee (2x7 + 1)+59,4=4 
ee Es o) 4et1 4x-1_ 1 
{ 5+ x )=4 8. Apa + Apawlin oO 
ee 50), | ESDP ooesilSl 
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ll. 2x4 + x3 — 6x2 +x+2=0 12. 
13, 322 = 12.3*-3 14. 
15. (x + 1) (+3) @—5) @-7) = 192 
16. (x— 1)(x— 2)(% — 8)(x + 5) + 360 =0 

. 1.5 Radical equations | 

An equation involving expression under the radical sign is called a radical equation. 
eg, \x+3=x+1 and wNx-1= 4-241. 
1.5 (i) Equations of the type: \Jax +b=cx+d 
Example 1: Solve the equation>/3x + 7 =2x+3._ 

Solution: [3x+7 =2x+3 

Squaring both sides of the equation (i), we get 


(3x47)? = (2x +3) 


4.27%**1-92*4+1=0 


2* + 64.2 —20=0 











or — 3x4+7=4x7 + 12x49 
Simplifying the above equation, we have 
4x* +9x+2=0 
Applying quadratic formula, 
an tV OP =4x4x2 
oy 2x4 
_~9+V81—32 -9+-/49 -947 
Se nr: 
: 3 plies LD ip | $ 
Mase = 4 
_-9-7_-16__, 
wk SNS iy eat ia 


Putting x = —4im the equation (i), we have 


a ee I Bee 1 
3(-4)+7=2(4)+3 => Ay RTs —5+3 = [2-S which is wwe 


ll 





| |) See ee eC 





13 Mathematics 10 | 


Putting x = —2 in the equation (i), we get 
/3(- 2)+7=2(-2)+3 => sf 1=-—] which is not true. 
On checking, we find that x = —2 does not satisfy the equation (i), so it is an 


Fo) bed | 
extraneous root. Thus the solution set is {- i: 


1.5 (ii) Equations of the type Vx +a +\x+b=\x+c 
Example 2: Solve the equation \/x + 3 + ix +6 = \/x+11 . ! 
Solution: x43 4 Vx+6=Vx+11 (i) 
Squaring both sides of the equation (i), we have 
x+34x%4642 (x43) (Vx+6)=x411 
or 2\x7 + 9x+18=-x+2 (ii) 
Squaring both sides of the equation (ii), we get 
4 (7 + 9x4 18) =x? -4x4+4 
or 3x7 + 40x + 68 =0 
Applying quadratic formula, we get 


_~40+-V40r-4x3x68 4041 1600 -816 





2x3 ee 6 
_—-40+/784 40+ 28 
7 6 =m 6 
| —40+28 -12_ _-40-28 -68 —34 
We have x= 6; =—% =—? or i 6 = Ya =e 


Checking: Putting x = = in the equation (i), we have 


| 49 , ae | | =34433 2 a ee ae 
Or 
=> ae $7 PexcD=\/3x x 1) “8 fin lh Net i Fi 


i+ (=< i which is not tue, 
3 
=F Rey ea 


«Sinai melee {-2}. irs ‘ae are 

















ok et 





” iat 


156 i 1 Equations ofthe pe ptm lt mig Se we : 


eee 4 | 


ee wis 23: Solve the equation ~/x?—3x +36 —/x?—3x+9=3. 


ety 
= aa othe <- 
: - ‘= - 

a 


"—¥ 4 | 


- * 


both sides, we get 
24 =? + 36y +324 dm : 
 y=0 | 


(ii) 
(iii) 


(Iv) 


(v) 


(v1) 


(vii) 


(viii) 


(1x) 


(i) 

(1) 
(iii) 
(iv) 
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MISCELLANEOUS EXERCISE - 1 
Multiple Choice Questions 
Four possible answers are given for the following questions. vee (~) the correct 
answer. 
Standard form of quadratic equation is 


(a) bx+c=0,b#0 (b) ax*+bx+c=0,a#40. 
(c) ax2*=bx,a¥0 (d) . ax*=0,a+40 

The number of terms in a standard quadratic equation ax* + bx + c =O is 
(a) 1 (b) 2 OE NT LG, 4 
The number of methods to solve a quadratic equation is . 
(a) 1 (b) 2 Cm oe (d) 4 


The quadratic formula Is 


—b +b? — 4ac | b t./b? — 4ac 


8) atin 2a (0) <= 2a 
—b +b? + 4ac b+./b? + 4ac 
(c) t= Ia oe ; (d) x= aa . 
Two linear factors of x? — 15x + 56 are | 
(a) (x-—7)and(x+8) (b) (x+7) and —8) 
(c) (x-—7) and (x- 8) (d) (x+7)and(x*+ ae 
An equation, which remains unchanged when x is replaced by > 4 is called a/an 
(a) Exponential equation (b) Reciprocal equation ‘ 
(c) Radical equation . (d) None of these 
An equation of the type 3* + 32-* + 6 =O is a/an | 
(a) Exponential equation (b) Radical equation 
(c) Reciprocal equation — | (d) None of these 
The solution set of equation 4x — 16 = 0 is . | 
(a) {£4} (b) {4} (c) {+2} (d) +2 
An equation of the form 2x4 — 3x3 + 7x* — 3x + 2 =0 is called a/an 
(a) Reciprocal equation | (b) Radical equation 
(c) Exponential equation . (d)’ None of these 


Write short answers of the following questions. 
Solve x2 + 2x -—-2=0 
Solve by factorization 5x* = 15x 


: fe id) | 
Write in standard form — eaat ESAs 3 


Write the names of the methods for solving a quadratic equation 


2 
Solve (2x -- 7) - a (vi) Solve 4/3 +18=x 
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~ (vii) 


(ix) 
3. 
(i) 


. wy 


(ili) 
(iv) 
(v) 
(vi) 
(vii) 
(Vili) 


(ix) 


~& 


Define quadratic equation. (viii) | Define reciprocal equation. 
Define exponential equation. @) Define radical equation. 
Fill in the blanks 


The standard form of the quadratic equation is_ 

The number of methods to solve a quadratic equation are 
The name of the method to derive a quadratic formula is 
The solution of the equation ax + bx + c=0,a#0is 
The solution set of 25x* — 1 =0 is 


_ An equation of the form 27 — 3.2* + 5 = 0 is called a/an _ equation. 
The solution set of the equation x? — 9 = 0 is 
An equation of the type x* + x9 + x24+x+1=0 called rhe equation. 
A root of an equation, which do not satisfy the equation is called root. 
An equation involving impression of the variable under _ is called radical 
equation. 
SUMMARY . 


An equation which contains the square of the unknown (variable) quantity, but no 
higher power, is called a quadratic equation or an equation of the second degree. 
A second degree equation in one variable x, ax? + bx +c=0 


where a #0 and a, b, c are real numbers, is called the general or standard form of a 
quadratic equation. 


An equation’is said to be a reciprocal equation, if it remains unchanged, when x is 


| replaced by , 


In exponential equations, variables occur in exponents.’ 


An equation involving Sprecsicn under the radical sign is called a radical 
equation. 


Quadratic formula for ax? + bx + ¢ = 0;a#0 is 


—~b +1/b? — 4ac 


AL = 
2a 
Any quadratic equation is solved by the following three methods. 


_@) Factorization. (ii) Completing square 


(iii) Quadratic formula 








Unit-2 


THEORY OF QUADRATIC 
EQUATIONS 





In this unit, students will learn how to 






























2a define discriminant (b’ —4ac) of the quadratic expression ax’ + bx +¢. 
| 2a find discriminant of a given quadratic equation. 

2a discuss the nature of roots of a quadratic equation through | 
discriminant. 


22 determine the nature of roots of a given quadratic equation and very 
the result by solving the equation. 


2a determine the value of an unknown involved in a given ah 
equation when the nature of its roots ts given. 

2a find cube roots of unity. 

| 2a recognize complex cube roots of unity as @ and w? 

2a prove the properties of cube roots of unity. — 

2a use properties of cube roots of unity to solve appropriate problems. 


| 2a find the relation between the roots and the coRietens of a quadratic 
equation. 


2a find the sum and product of roots ps a gn ven MELE equation without | 
solving it. 


| 22 find the value(s) of unknown(s) involved in a given quadratic equation | - 

when 3 

e sum of roots is equal to a multiple of the product of roots, 

e sum of the squares of roots is equal to a given number, 

e roots differ by a given number, : 
_° @ roots satisfy a given relation (e.g., the relation 2a+ 5B=7 where a 

_ and Bare the roots of given equation), 

e both sum and product of roots are equal to a given number. 
2a fine symmetric functions of roots of a quadratic equation. ° 
2a evaiuate a symmetric function of the roots of a quadratic equation i in | 
terms of its coefficients. 


17 





Theory of Quadratic Equations 18 













2a establish the formula, 
x? —(sum of roots) x + (product of roots) = 0, 
to find a quadratic equation from the given roots. 
2a. form the quadratic equation whose roots, for example, are of the type: 
-@ 2a+1, 28+], 
a?, B?, 





3 2 



















JE 9 | 
e a+, Ft B , 
where & Bare the roots of a given quadratic equation. 
|| 2@ describe the method of synthetic division. 
- | 2a use synthetic division to 


e find quotient and remainder when a given polynomial is divided by a | 
linear polynomial, 


e find the value(s) of unknown(s) if the zeros of a polynomial are 
given, | 

@ find the value(s) of unknown(s) if the factors of a polynomial are 
given, 

© solve a cubic equation if one root of the equation is given, 


e solve a biquadratic (quartic) equation if two of the real roots of the 
equation are given. 


| 2% solve a system of two equations in two variables when 
: © one equation is linear and the other is quadratic, 

e both the equations are quadratic. : 

2a solve the real life problems leading to quadratic‘equations. 





Pell PE: RRR ee Be ee 
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2.1 Nature of the roots of a quadratic equation 


On solving quadratic equations. -we get different kinds of roots. Now we will discuss 
the nature or characteristics of the roots of the quadratic equation without actually solving it. 
2.1.1 Discriminant (6? — 4ac) of the quadratic expression ax? + bx +c. 


We know that two roots of the equations aX +bx+c=0,a40 (i) 
—b +b? -4ac _ z =) — Ve: = dae : 
are Aa an aa 


The nature of these roots depends on the value of the expression “b* — 4ac” whichis - 
called the “discriminant” of the quadratic equation (i) or the quadratic expression 
ax” + bx +c. ! 
2.1.2 To find the discriminant of a given quadratic equation. 

We explain the procedure to find the discriminant of a given quadratic equation 
through the following example: 

Example 1: Find the discriminant of the following equations. 


(a) 2x2-7x+1=0 (b) . x2-3x+3=0 
Solution: | | 
(a) 2x*-—7x+1=0 (b) x? —3x+3=0 
Here a=2, b=-7, c=1 : Here a=1,b=-3,c=3 
Disc. = b? — 4ac Disc. = b? — 4ac 
= (-7)? — 4(2) (1) = (-3)?- 4(1) 3) 
=49-8=4] | =9-12=-3 


2.1.3 Nature of the roots of a quadratic equation through discriminant. 


=b + /b? = 4ac 
aa and 


The roots of the quadratic equation ax* + bx +c =0 , (a #0) are 


its discriminant is b* — 4ac. 
When a, ) and c are rational numbers: 


(i) Lt b* — 4ac > 0 and is a perfect square, then the roots are rational (real) and unequal. 
(11) If b> — 4ac > 0 and is not a perfect square. then the roots are irrational (real) and 
unequal. 


(iii) If b*—4ac =0, then the roots are rational (real) and equal. 
(iv) If b*—4ac <0, then the roots are imaginary (complex conjugates). 
2.1.4 Determine the nature of the roots of a given quadratic equation and ° 
verify the result by solving the equation. | 

We illustrate the procedure through the following examples: 
Example 2: Using discriminant, find the nature cE the roots of the following equations and 
verify the results by solving the equations. 

(a) x*—5x+5=0. (b) Aree oy 

(c) x*+8x+ 16=0 (d) 7x7 +8x+1=0 ~ 
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Verification by solving the equation. 
x? +8x+16=0 
(x + 4)7=0 
ae x=-—4,-4 
So the roots are rational (real) and equal. 
7x- + 8x+1=0 
Here a=7, b=8andc=1 
Disc. = b2 — 4ac 
= (8)- — 4(7) (1) 
= 64 — 28 = 36 = (6)? 
which is positive and perfect square. 
The roots are rational (real) and unequal. 
Now solving the equation by factors, we get 
7x? + 8x+1=0 
7x2 + 7x+x+1=0 
Tx (x+1)+1(4+1)=0 
(x + 1)(7x+1)=0 . | 
Either x+1=0 or 7x + 1 =0, that is 


LS —! or Ix=-l > x=-2 


Thus, the roots are rational (real) and unequal. 
To determine the value of an unknown involved in a given quadratic 
equation when nature of its roots is given. 
We illustrate the procedure through the following example: 


Examples 3: Find k, if the roots of the equation 


(k +3) x2 —2(k + 1) x—(k+ 1) =0 are equal, if k#—3. 


Solution: (k +3) x2 -2(k+ I) x—-(kK+1)=0 


Here .a=k+3, b=-2(k+ 1) andc=—-(k+ 1) 
As roots are equal, so Disc. = 0, that is, 
b* — 4ac =0 
[—2(k + 1)]?-—4(k + 3) [1k + DJ = 0 
4[k+1]2+4(k+3)(kK+1)=0 or 4(K+1)(K4+14+k4+3)=0 

=> 4(k+1)(2k+4)=0 or 8(k+1)(K+2)= 0 

=> k+1=0 or k+2= 0: 

= k=-1 oof k=-—2 

Thus, roots will be equal if k =—2, —1. 















’ EXERCISE 2.1 


Cre Iscrimir ant of the following given quadratic equations: 
ie ‘oa ape ES 3x-1=0 3 (ii)  6x2-8x+3=0 
Aa rim a, 
Snr ug), Sei9xt = 30x +25 = oO. (iv) - 4x?-7x-2=0 
ss ae ‘Find | the nature of the roots of the following given quadratic equations and verify the 
: eres by solving the equations: . 
Gyno 2— 23x + 120 = =0 . (i) 2x243x+7=0 
‘ Gi) 162 ~24x+9=0 (iv)  3x2+7x-13=0 
3 ear SoHE tv alue of k, the expression 
. «x2 + 2(k'+ 1) x + 4 is perfect square. 
Fin Find th ne \ e value of k, if the roots of the following equations are ge 
oO a: Ok- 1) 22+ 3kx43=0. | 
Gi) x2 +. 2(k + 2) x 4+ BK +4) =0 
Gi) , Gk +2) x2 - 5(k+ 1) x+(2k+3)=0 
Show t that | ‘the equation x* + (mx + c)* =a? has aie roots, 
if heee aad (+m) 
condition that the roots of the equation (mx + c)* — 4ax = 0 are equal. 
= ots ts of the equation (pes) xe — 2 =e) x+(b?—- me 0 are = 
Qora+b+0=3abe. 
the r ee ations are rational 
aM (c— a) x+c(a—b)=0 pete 
. b+o)x+(a 1+ 2c) = 20. vit 


ne a4 4 ei 
rove elie the roots of the equation 
Tia? & Ro ae i _ wy 


+ keOarereal, 
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# — -1+V)?= 4d) (1 
=> x= or . x= 2(1) 


—-1tVl-4 -1+y53 =1+iy3 
=¥— "F212 ee ee 


Three cube roots of unity are 
red and SIONS , where i=>/-1. 
2.2.2 Recognise complex cube roots of unity as @ and @’. 


a4, gotavS 


If we name anyone of these as ® (pronounced as omega), then the other is Ww. We 
shall prove this statement in the next article. 


2.2.3 Properties of cube roots of unity. 
(a) Prove that each of the complex cube roots of “ty is the square of the other. 


Proof: The complex cube roots of unity are = and 


The two complex cube roots of unity are 


We prove that 
a 21 E423 = LAE =a 1+ 3 
2 aoe) ae 2 
aa -3) — 2-3 — = 33) _14+(¢3 +243 
2 = 4 ; 
~2 - 2-3 Sapa 
4 = ad 
“85 =e 3) a2Aslt Ves 
i = ennA 
me sh erl+ns3 
a5 


| : yy / 
: Thus, each of the ae cube root of unity is the square of the other, that is, . 
SE 


(b) Prove that the product of three cube roots of unity is one. 
Proof: Three cube roots of unity are 


—] +\/-3 SEE , gx 
l, ,) and ) 


if @= 















© Prov th at ce complex cube root of unit is reciprocal of the other 
Proof: We knc at 
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Thus, each iplex cube ¢ root tof F unity i is reciprocal of the other. 
@) are ve that i e sul sum of all the cube roots of anity is zero, 
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we =e (@3)9 = (19 =! 
Example 1: Evaluate (—1 + \/—3)8 + (-1 —-/-3)8. 


Solution: (—1! +\/-3 3)8 + (-1 ~./-3 3)8 


SLES] 


= (2m)8 + (2m?)8 
= 256 w® + 256 w!6 
= 256 [w® + w!®] 
= 256 [(@)? . o7 + (@)5. @] «= = 1) 
= 256 [w? + @] (@ + @? =— 
= 256 (-1) = -256 . 
Example 2: Prove that x? — y? =(x—y) (x— @y) (x— @y). 
Solution: x° — y? = (x — y) (x — @y).(x — wy) 
R.H.S =(x-y) (x-@y) (x- @y) 
= (x — y) 2? — w2xy — oxy + @y?] 
= (x — y) [x? — xy (@ + @) + (1)y?] 
= (x — y) [x?- xy (-1) + y*] 
= (x—y) [2 +2y+y7] 


=3-y=LHS | 
| EXERCISE 2.2 

1. Find the cube roots of —1, 8, —27, 64. 
9} Evaluate , | 

(i) (1—w-@?7)’ (ii) (1 —3@ — 3@2)5 

‘(iii)’ (9+ 4@ + 4@2)3 (iv) © (2+2@-—2@2) 3-30 + 302) 

(v) | (-1 + 4/-3)° +(-] ~./-3)° (vi) | [= p + (ie 7 

(vii) @7+@8-5 (viii) w-]3 + @!7 
3. _— Prove that x3 +'y3 = (x + y) (x + Wy) (x + @’y) 
4. Prove that x + y?+z°—3xyz= (x+y +z) (e+ wy + 0%) (x + wy + ax). 
5. Prove that (1 + @) (1 + @7) (1 + oy) (1 + @8) ..... 2n factors = 1. 
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i 2.3 Roots and co-efficients of a quadratic equation. 


ne 2 As Lie 2 
We know that b+vb 4ac and b —\jb* — 4ac 


: root the equation 
a 2a are roots of q 


ax’ + bx + c= 0 where a, b are coefficients of x* and x respectively. While c is the constant 
term. | . 


2.3.1 Relation between roots and co-efficients of a quadratic equation. 


—b + afb —4ac —b —\b* — 4ac 
If a= a and f= 7a 
then we can find the sum and the product of the roots as follows. 
Sum of the roots = @+ | 
ir: \b2—4ac —b— vb? —4ac 
2a ie 2a 
_=b+\b*-4ac—b—-vib*—-4ac_ -2b- b 
% 2a eee 2a a 
Product of the roots = a8 


if (= +/b2 — 4ac ) (= ~[b2 = 4ac) 
= 2a 2a 


b? — (b? — 4ac) 


4a? 





If we denote the sum of roots and product of roots by S and P respectively, then 
pe b___Co-efficient of x 
- a  Co-efficient of x* 
_c¢ __ Constant term 
ne a Co-efficient of x2 


2.3.2 The sum and the product of the roots of a given quadratic equation 
_ without solving it. 


We illustrate the method through the following example. | 
Example 1: Without solving, find the sum and product of the roots of the equations. 


(= 3x#-5x+7=0 (b) x2+4x-9=0 
Solution: (a) Let a and #be the roots of the equation 
3x2 —5x+7=0 | 


b. * 5 

Then sum of roots = a+p--2=-(2)-3 
7 

and —_ product of roots = Op===7. 


fs (b) seonia cones De OF OS eeianon 24+42-9=6 





| 2.3.3 


(a) 
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Then a+ p=-2=-4=-4 
| ee ad 
and apa = = 


. To find unknown values involved in a given quadratic equation. 


The procedure is illustrated through the following examples. 
Sum of the roots is equal to a multiple of the product of the roots. 


Example 1: Find the value of h, if the sum of the roots is equal to 3-times the product of the 
roots of the equation 3x2 + (9 — 6h) x + 5h=0. 


Solution: Let a, /be the roots of the equation 


Then 


Since 


(b) 


sf + (9—6h)x+5h=0 


9-—6h\ 6h-9 
a+ B=-? = -2— 3° = =a 
CILon | 
ap= T= 3 
a+ B=3(a) 
ee) op AE 2) _ 5), 


2h-3=5h = 2h-5h=3 
3h=3 => h = S551 
Sum of the squares of the roots is equal to a given number. 


Example 2: Find p, if the sum of the squares of the roots of the equation 


4x? + 3px + p? =0 is unity. 


Solution: 7 Ifa, B are the roots of 4x? + 3px + p? = 0, 


b_ 3p 

then a+ p=-—=-4 

SY Cups 
and ap=7=%4 
Since @+f?=1 — (Given) 

(a+ B)? -—2aB=1 | 

iy 2 « : : aa = 1 
— (22) - 2(4)= =1 or as ha tt elie Serie 


= 9p? —8p*=16 => so => p=t4— 
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(c) Two roots differ by a given number. 

Example 3: Find h, if the roots of the equation x? —hx+10=0 differ by 3. 

Solution: Let @ and @—3 be the roots of x* — Ax + 10 =0. 
| b (-h) 

Then | a+a-3=-2--(*) <p 


2a-3=h => 2u=h+3 => a=“t* (i 


and “ofa=3)2oa = 10 or ama-3)=10- | (ii) 


Putting value of @ from equation (i) in equation (ii), we get 


h+3)\(h+3 h+3)\(h+3-6 
fee = (5 )=10 

h+3)(h=3 : | | 

EAE )-10 => h*?—9=40, thatis, — 


h=49 => h=t7 
(dq) Roots satisfy a given relation 

(e.g. 2@+ 58=7, where a, fare the roots of a given equation). 
Example 4: Find p, if the roots a, fof the equation x? —5x+p=0, satisfy 
therelation 2a@+58=7. 


Solution: Fes cf tis equation 2 — sity = 0. 


Then a+ p=-b=-() = 
a+p=5 > B=5-a @ 
and Gh =P => af=p (ii) 
Since 2@+58=7 (Given) | 7 (iii) 
Put the value of § from equation (i) in Eauation (iii) 
: 2a@+5(5-— a@=7 
2@+25—S5a@=7 -or —3a=7-25, thatis 
3a@=-18 > a=6 — (iv) 
|  BP=as5-6=-1 Use (i) and (iv). 
i Put the values of aand fin eq. (ii) 
ai ws 6-lh=p => p=-6 






‘Both sum and product of the roots are equal to a given number. 
as: sample 5: Find m, if sum and product of the roots of the equation 
2 5% ee U Seo 0 is equal to a given number, say A. 


Te ee eee 
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Solution: Let @, f be the roots of the equation 


Ln 


5x2 + (7 —2m) x+3=0 


Then a+ p=-2=- o_o 





and a@f= 


Let a+ B=A (i) and af=A (ii) 
Then from (i) and (ii) @+ B= af, that is, 
2mi=Tee 3 


50 =51 = 2m=J=3 => 2m= 10 > m=5 
EXERCISE 2.3 
* Without solving, find the sum and the product of the roots of the following quadratic — 
ame 
(i) —5x+3=0 (ii) 3x*+7x-11=0 
(iii) eG 7 (iv) (a+b)x*-ax+b=0 
(v) (1+ m) x2+(m+n)x+n-1=0 (vi) 7x*—S5mx+9n=0 


Find the value of k, if 


(i) sum of the roots of the equation 2kx* — 3x + 4k = 0 is twice the product of the 
roots. | | 


(ii) sum of the roots of the equation x* + (3k — 7) x + 5K = 0 is 3 times the 


product of the roots. 
Find k, if 
(i) sum of the squares of the roots of the equation 
- Akx? + 3kx —8 =0 is 2. | 
(ii) sum of the squares of the roots of the equation 
x* —2kx + (2k +1) =0is 6. 
Find p, if 


(i) the roots of the equation x2 —x + p* = 0 differ by unity. 


(ii) the roots of the equation x? + 3x + p—2=0 differ by 2: 
Find m, if 

(i) the roots of the equation x* — 7x + 3m —5 =0 satisfy the relation 3@+ 2B=4 

(ii) the roots of the equation x* + 7x + 3m — 5 = 0 satisfy the relation 3a@—28=4 

(iii) the roots of the equation 3x2 — 2x + 7m + 2 = 0 satisfy the relation 7@—3f=18 

Find m, if sum and product of the roots of the follgvang equations is equaltoagiven = 
number A. + les 
(i) (2m + 3)x? + (Im - 5)x + (3m — 10) = 0 | si ie 
(ii) 4x2-—(3+5m)x—(9m—-17)=0 ; ; aie ; 


ue ‘I \ ; 





1 
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2.4 Symmetric functions of the roots of a quadratic equation. 
2.4.1 Define symmetric functions of the roots of a quadratic equation 
Definition: 

Symmetric functions are those functions in which the roots involved are such that 


the value of the expressions involving them remain unaltered, when roots are interchanged. 
For example, if 


f(@ B= & + f*, then 
f(B@= 82+ =e + fp? Co B2+e@=a + B?) 
=f (a, B) 
Example: Find the value of a + 8? + 3a, if a= 2, B= 1. Also find the value of 
@ + §+3aB if a=1, B=2. 
Solution: When @=2 and f= 1, 
& + 8 +3aB= (2) + (1)? + 3(2) (1) 
=$+1+6=15 
When a@=1 and f=2, 
a + B° +308 =(1) + (2) + 3(1) (2) 
=1+8+6=15 
The expression @ + 8? + 3@f represents a symmetric function of wand 2 


24.2. Evaluate a symmetric function of roots of a quadratic equation in terms 
of its co-efficients 
if @, Pare the roots of the quadratic equation 
ax*+bx+c=0, (a#0) (i) 
b 
Then @+f=- = (11) 
and = @f=~ (iii) 


The functions given in equations (ii) and (iii) are the symmetric functions for the 


quadratic (i). 7 
Some: more symmetric functions of two variables @ fare given below: 
@® a + B fi) @+ 8) 


(im) ats (iv) bs 
Example i: Wf a Pare the roots of the quadratic equation 
psmtgntr=0 . (pe) 
thon evaleuse 84 aff? 
Saintfen- Since a, fare the roots of pr + gx + r= 0, therefore, 





meee If a, Bare the roots of the equation 4x2 —Sx+6 =0,then 9 FS oa 





q 


a+ p=— 
P P 


LB + af? = a8 (a+ Bp) | | = ie e 


==(~2) 2 ot | 7 fe 
 —~?p P. wipe | : 4 -“ - 2 2 


’ - : oye it - we 
Example 2: If @, fare the roots of the equation 2x? + 3x + a = a io o> “E 
find the value of — (i) BF (ii) at 5 sTtupron oil ay eee > 


e hem. DAS nay 
Solution: Since @, fare the roots of the sun 2x? +3x+4=0, therefore, be 5, 


a+ B=-5 and af=5=2) \plullp wil moored ai ee 7 
| | | 














(1) + B= (a+ B-206=(F) SAO) ee 
I= OT ate 
= = 4 a | ef wer) pS oireans Th . 


op =(a+ Bom t= - 


-EXERCISE2.4 

1. If @, Bare the roots of the equatia ante 0, thenevaluate = 
@ he EM ay! a3 B+ of? fire &) Geen: '- 

a Bb se BE spf to ew, mt, 
a cl = (i= deg ie ane = 7 


(iii) Bt 


d " 4) 1g) 
| aes the values of = ith pwr egieartl 94 caviioupe g Sp O 
1 : > a. 5, ‘ 
1 —+— ‘ ) gc 8 rae ) a - fy i 
Ce Bo 4 ay <5 il, re: 5 ve 
_. 2 ona 


ind the ues of 


Z Tht TG it . B K SA ero sof 
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RE EEEEEEEEEESEESSRSaESaSESSSSnIsnnnn esa 


2.5 Formation of a quadratic equation. 
If @and # are the roots of the required quadratic equation. 


let] x= a and x= 
Lene <= a=0 : x—B=0— 
and — a (x-8)=0 


ee (a+ 8)x+ aB=0 
which j is the required quadratic equation in the standard form. 


2.5.1 | ae a quadratic equation from given roots and establish the formula 
— (sum of the roots) x + product of the roots = 0. 
ig a, Bbe the roots of the quadratic equation 


ax*+bx+c=0 , (a#0) (i) 
| b Sy Ra BC 
Then @+ B=-7 and af= = 


Rewrite eq. (i) as 242 x42=0 


or 2—(—2) x4£=0 


x —(a+ B)x+ aB=0 | 
or  x*—(sum of roots) x + product of roots = 0, that is, 
x*—Sx+P=0 where S= a+ fand P= af 
Example 1: Form a quadratic equation with roots 3 and 4, 


Solution: Since 3 and 4 are the roots of the required quadratic equation, therefore, 
S= Sum of the roots = 3 +4 =7 
P= Product of the roots = (3) (4) = 12 
As _x’—Sx+P=0, so the required quadratic equation is x2 —7x + 12 =0 


2.5.2 Form quadratic equations whose roots are of the type 


(i) 2a+1,2f+1 Gi) a? f? (iii iy - (iv) ries 


sia wa 
(v) a+ B, mt Tek @, Bare the roots of a given quadratic equation: 


Example 2: If a, £ are the roots of the equation 2x2 — 3x — 5 = 0, form quadratic equations 
having roots 


() 2@41,28+1 (i) | (iii) es 


Wie 


i! 
B 


i , (iv) aie (v) a+ B+ 
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_ Solution: As a, fare the roots of the equation | a Wry ; 

| 2x* -3x-5=0, he 

| 


therefore! a+ p--($ 2) =2 => and ap=> & 
. (i) S = Sum of the roots = 2a+ 1+2f+1 













ceo | : | > 
P = Product of the roots = (2a@+ 1) (26+ 1) t 
=408+2(a+fB)+1 | | a 
3 They | 
=4(-3)+2(5)+1 e. 
=-10+3+1=-6 | | . - 
Using x* — Sx + P = 0, we have | : 
x - 5x-6=0 ‘) Sara boar jah. % 
(ii)  S=Sum of the roots = a + B? = (a+ fp? - sie . - Ve 
-@)- 2(+5)=3 =5+5= 9 a | Ree: 
P = Product of the roots = a” . B= (0B = =(- j e ttngichent A 
= a ie teh ee coven 
Using x*—Sx+P=0, we have - og a 


e-Px4Z a0 => 4x2— 29% +25 = 0 a igs 
a Uae) f dey nay” Shia fens «: il 


(iii) | S=Sum of teroots = + 4a beg. (exp) al a lal mom esis 
ieaiies “ell Sy epeyon See nie, 33 S9nid 
3 (. 2): nye 2) | ce 
303) ( is 
Se Le & 
“55 ny oh cena 
‘ eel 2. 


P = Product of the roots =a Paps Oe 
Using x*-Sx+P=0, wébewi (8 geal AF Bini aa 
Sey? s Chis By eto be 
aa Baas 3)=0 eee 3-2-0. ers 
" es PA bi J Ps = 
















N ee he Be: : - —— 
oe ALN aii ae = 


fatio Equations 





Ti Theory 0 f Quac 


sti 


he oo as Bs Bis 





Rapier ate fire > mule: 3-22) 3 
ae = (a+ B)| +33 =5\1-5)=9%5 


> : i 


SE / 


Winer 


+ . - = * a 
=e : 4 A ‘ = ; é . 
r 7 . oa gS Tom | 2 1 A ” + f . a a ‘ a ry : 
rs r ae if _ 4 , ~ ‘ 
at Ss 5 ; # ee 1 & -* * — . , -" 
.7 ot = Sprig St = ae es ; : “ - as - a 5 
Lhe roots c Or Nation are: ee ee ae") ie ru : 
eee 2 - oe | i - i i 7 “wii ; | 1 
re , — + = i = # 
v | 4 . 


(2a) (2/ B) =4af= 
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EXERCISE 2.5 
1. Write the quadratic equations having following roots. | 
Gyn ties be ieee) es ey SS, 
(d)  0,-3- .wtd (©)h 2) Ort eof 


(3) %I+il-i (hh) 34+12,3-/2 
If a, Bare the roots of the equation x7 — 3x +6=0. 
Form equations whose roots are 


hb 


| [i 
, | .) 2 92 At 
(a) 2a@+1,2B8+1 (b) OSD, (c) a’ B 
(d) nb ©) a+ B, me Lys 
: B a a 5 
SE: If a, Bare the roots of the equation x2 + px+g=0. 
Form equations whose roots are 
a p 
(a), 1: aie 


2.6 Synthetic Division | 

Synthetic division is the process of finding the quotient and remainder, when a 
polynomial is divided by a linear polynomial In fact synthetic division 1 Is simply a shortcut 
of long division method. 
2.6.1 Describe the synthetic division method. | 

The method of synthetic division is described through the following example. 
Example 1: Using synthetic division, divide the pie P(x) = Sx4.+ x3 —3x by x—2. 
Solution: (5x4 + x3 — 3x) + (x — 2) 

From divisor, x—a, here a=2 


Now write the co-efficients of the dividend in a row with zero as the co-efficient of the 
missing powers of x in the descending order as shown below. 


~ Dividend P(x) = 5x4 + 1xx3 +0 x22 -3x+0Xx2? 


Now write the co-efficients of x from dividend in a row and a = 2 on the left side. 





(1) Write 5 the first co-efficient as it.is in the row under the horizontal line. 


(ii) . Multiply 5 with 2 and write the result 10 under 1. write the sum of 1 + 10= = =AL under 


the line. 


(iii) Multiply 11 with 2 and place the result 22 under 0. Add 0 and 22 and write the result tie 


22 under the line. 


Ms 
bee bas 
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(iv) Multiply 22 with 2, place the result 44 under —3. Write Al as the sum of 44 and —3 
__ under the line. 

{v) . Miultiply 41 with 2 and put the cil 82 under 0. The sum of 0 and 82 is 82. 
In the resulting row 82 separated by the vertical line segment is the remainder and 

5, 11, 22, 41 are the co-efficients of the quotient. 
As the highest power of x in dividend is 4, therefore the highest power of x in 

quotient will be 4— ] =3. 
Thus: Quotient = Q(x) = 5x3 + 11x? + 22x + 41 and the Remainder = R = 82 

2.6.2 Use synthetic division to 

(a) find quotient and remainder, when a given polynomial is divided by a linear 

polynomial. ri. 
ample 2: Using synthetic division, divide P(x)=x4-x*+15 by x+1 





(x4 — x? + 15) + (+1) 
l1=x-(-1),soa=-] 
co-efficients of dividend in a row and a =—1 on the left side. 





ins O(x) = x3 —x2+0.x40=xr-x 
emainder = 15 
find the value (s) of Titeaee (s), if the zeros of a polynomial are given. 
ple 3: Using synthetic division, find the value of h. If the zero of polynomial 
P(x) = 3x2 4+ 4x—-Th is 1. 


’ Solution: P(x) = 3x* + 4x — 7h and its zero is 1. 


Then by synthetic division. 





Remainder = qe Th 
- Since ‘1 is the zero of the polynomial, therefore, 
Remainder = 0, that is, 

7-Th=0 

i= hae n=) 

c) find the value (s) of unknown (s), if the factors of a polynomial are piven 
Example 4: Using synthetic division, find the values of / and m, if x — 1 and x + 1 are the 
factors of the polynomial P(x) = 23 + 3lx2 + mx — 1 


Solution: Since x— 1 and x + 1 are the factors of P(x) = x3 + 3lx2 + mx—1. 


aes 1 and —1 are zeros of polynomial P(x). 
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Now by synthetic division 








l 3 m -] 
Lie w]e I __3l+1 3l+m+1_ 
ey 3l+1 3l4+m41 | 34m 
- Since | is the zero.of polynomial, therefore remainder is zero, that is, 
31+m=0 (i) 
and ; 
I 31 m 1h ets 
—3l+1  3i—m—1_ 
l 31-1 -—3l+m+1]| 3l—-m-2 
Since —1 is the zero of polynomial, therefore, remainder is zero, that is, 
3l—m—-2=0 (11) 
Adding eqs. (1) and (11), we get 


6/-—2=0 


<2) | 


2 
6l=2. >) l=E= 


J 
Put the value of / in eq. (i) 3(3) +m =0 or l+m=0 => m=-l 


Thus [=3 and m=-—1 

(d) solve a cubic equation, if one root of the equation is given. 

Example 5: Using synthetic division, solve the equation 3x° — 11x* + 5x+3=0 
when 3 is the root of the equation. 
Solution: Since 3 is the root of the equation 3x5 — 11x? + 5x+3=0. 

Then by synthetic division, we get 





The depressed equation is 3x*-2x—1=0 
3x*-3x+x-1=0 
3x(x — 1) + 1-1) =0 
(x—1) Bx+1)=0 Basel 
Either x-1=0 or 3x+1=0, thats, 











ioe 
ne 4 












Either x+7=0 or x-3=0 
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SPS O6r 3x=—l => x=-3 


Hence 3, 1 and -3 are the roots of the given equation. 


(e) solve a biquadratic (quartic) equation, if two of the real roots of the equation 
are given. | 
Example 6: By synthetic division, solve the equation 


x4 — 49x? + 36x + 252 = 0 having roots —2 and 6. 
Solution: Since —2 and 6 are the roots of the given equation x4 — 49x? + 36x + 252 = 0. 
Then by synthedc division, we get 





a The depressed equation is x*+4x—21=0 
| x* + 7x—-3x-21=0 
x(x + 7)—3(x + 7) =0 
(x + 7) (x—3)=0 


x=] or. 30 po): 


. Thus 2,6, —7 and 3 are the roots of the given equation. 


ues _ EXERCISE 2.6 


1. __ Use synthetic division to find the quotient and the remainder, when 


(@)  @+7r-1)+@4+1) (ii) (4x3 — 5x + 15) + (x +3) 
a. 3 +22- 3x+2)+ (x—2) | 
Find the pales h UsIDE es ypitetc stains if 
‘ ai is sthe zero of the polynomial x3 — aha? +11 
s ‘is S s the zero of the polynomial 2x3 + Shx — 23 

, pated tic ¢ ivisi on to find the values of / and m, if 
@. (xt 3)a n ( (-2) ) are | the factors of the polynomial 

cae he +42 + +2 2b +m mag 
(ih) ae ae a th et ee : mot the polynomial 

: £ oh 32 Part ig 


, & 


= DE P) 
| ba © 
i 





pueueert hfe 
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4. Solve by using synthetic division, if 

(i) 2 is the root of the equation x3 — 28x + 48 =0 

(ii) 3 is the root of the equation 2x? — 3x2 — 11x +6 =0 

(iii) | —1 is the root of the equation 42° — x* — 1lx—6=0 
5. Solve by using synthetic division, if ; 

(i) | and 3 are the roots of the equation x*— 10x*+9=0 

(ii) 3 and —4 are the roots of the equation x4 + 2x3 — 13x24 —- 14x+24=0 
2.7 Simultaneous equations 

A system of equations having a common solution is called a system of simultaneous 
equations. : 

The set of all the ordered pairs (x, y), which satisfies the system of equations is * 
called the solution set of the system. 
2.7(i) Solve a system of two equations in two variables, 
(a) when one equation is linear and the other is quadratic. 

To solve a system of equations in two variables x and y. Find ‘y’ in terms of x from 
the given linear equation. Substitute the value of y in the quadratic equation, we get an other 
quadratic equation in one variable x. Solve this equation for x and then find the values of y. 


The values of x and y provide the solution set of the system of equations. 
Example 1: Solve the system of equations | 
3x+y=4 and 3x*+y*=52. 
Solution: The given equations are 


3x+y=4 . (i) 
and =. 3x2 + y2= 52 (ii) 
From eq. (i) y=4-3x (iii) 










In an ordered pair (x, y), x always 
occupies first place and y second 
place. 


Put value of y in eq. (11) 
3x2 + (4 — 3x)? = 52 
3x2 + 16 — 24x + 9x* —52=0 
12x2 —24x-36=0 or x*-2x-3=0 
By factorization 
x*-—3x+x-3=0 
x(x-—3)+1(«—-3)=0 


=> (x—-3)(x+1)=0 


Either x-3=0 © or © x+.1=0, thatis, 
x=3 or *=-1: 
Put the values of x in eq. (iii) | 
Whenx=3 ~ : | - When x =—I 













iH} 


A v : 
‘= a ed 


ri erate (3, -5) and --1 sD rspumaifiy 


th ae kis {@-),CLD} 7. 
the equations are quadratic. 
solve the euauous is illustrated through the iene examples. 
2x = 8 and (x-1)?+(y+1=8 

(«-12+(y+12=8 | (ii) 
| c Bet 
RT 
aime vie | 3 





=6 | ii) 


‘ - 


n ed. @,. we have: | 
19 
peureGy) i 
=8 : 


a LF we 


72)=0 





x(5x—7) + 1 (5x- 


the 
N low putting the 
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Example 3: Solve the equations 
x*+y*=7 and 2x*+3y*=18. 
Solution: Given equations are 


x24 y2=7 (i) 

2x? + 3y? = 18 © (il) 
Multiply equation (i) with 3 

3x? + 3y*= 21 (iii) 


Subtracting equations (ii) from (iii) 
2=3 => x=+73 
When x= 4/3, then from equation (i) 
xv+y2=7 or 3+y2=7 > y=4 > y= t2 
When x=-V3, then y=+t2 
Thus, the required solution set is {(+-/3 /3, + my 
Example 4: Solve the equations | 
x2 + y? = 20 and 6x” + xy—y*=0 2 
Solution: Given equations are : | 
e+y?=20 | (i) 
6x7 + xy-y*=0 (ii) 
The equation (ii) can be written as +. 
y’—xy- 6x7 =0 OU a). ; ar - 
ly Pees 2x1 wae fei lo 
_xt\ade xt 25 Se 
‘i 2 = 2 : | sue rs 
ea ? ‘ 














We have y ttt Sg, or ——— a a ‘ | 
Substituting y=3xintheequation(i),weget J 
x24 Bx)?=20 or x7 4+9x7=20 a 
> 102=20 > 2=2 > x=+\2 cage mrcaiel 
When LOND y= =3\@/2)= = 3/2 and when x= =-V2,y=3(-1 [2) = | 
Substituting © y=—2xin the equation (i), Mio a 

2+ (-2x)?=20 or x +4x= Poe 
=> 52220 > x#=4 > x=12 UE 
When x = 2, y=—2 (2)=—4 wt en “2y=-2 
Thus, the solution is zr (-2,- pe ( @, an +} 


8 Se 


__ 
: - 5 
- 
: 


4 


4 
yet - 


- 
2 
- 
“t 
4 
~ 


w; 
pes 


le! ee 
Tan Se — ry 
‘ ‘noTenr < - Deeper 
C oe bAak a 
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xample 5 B Solve the equations | | 
— xt4y2=40 and 3x2- 2xy-y?= 80. 
Saation ne m Shee are | i 
-y y2 = 80 af | (ii) - 


; (ili) 
ti he Berea (iii) from equation (ii), we get 
“ oe, xy - 3y"=0 | (iv) 
= es ee “Berson can be written as 
BN git —3xy+xy-3y?=0 - 
#) or - x(e=3)) +y (x 3y) =0 
err tal 2s SAE icaty) = ON, <— 
eee Sate or x+y=0. | 
Fie dt ear ae x5 =3ye 5 OK xy. 
ye mi (-y)? +? = 40 
ibis: | 2y* = 40 
si y= 20 
Ba y=+27/5 
eeia-|-x i= =nb a. ‘ee 

SA re) mo 

=-(2y>) es 5) 

S EAs =215 
= 12), (25, 5,-2.5 >), ae 25)} 
ae i. 
me Bay » TE =e 

oh. | it: be Si) i eo , 
o oe ’ aes ie a - 4 : ' f : 













ie Taye ted 
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0 dh suit eke “ale 
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- 2.7(ii) Solving Real Life Problems with Quadratic Equations 
There are many problems which lead to quadratic equations. To form an equation, — 
we use symbols for unknown quantities in the problems. Wut roots of the equation may | 
provide the answer to these problems. ; _ 
The procedure to solve these problems is explained in the following examples. <le 
Example 1: Three less than a certain number tule ues by 9 less that) twice the number i is 
104. Find the number. “bs Sali 
Solution: Let the required number be x. Then Gur sti 1c autho al . 
three less than the number=x-3 409 He 
and 9 less than twice the number = =2x- Qc Spy 4s ae 
According to the given condition, we ‘haye aa wa ni 4 a ¥ woe ees 
(x— 3) (2x — 9) = 104 | * ox : ° cart eg BON, 2 “ 
a? — 154.97 210d TAR heh gee 6 cee eee a mie 


aie ; ocd, sah. 2 at 
, 2x2 — - 15x -77 = Ny " | | 
7 oF a"). o ad Y, ij Rats +t re rede enol Fite x 7 si hed 


Factorizing, we get ss ne a . 20 radinieacs 5 
(2x+7) (x= 11)=0 ) aang ae Hien mee ri 
; mS, 


tse 
te a 


1.é., =F and 11 ar the r , / T 1 si equip ry, - i = > 
wet eehin nT | Bet . \ 208 rt 5 tte i e vy . 


EXERCISE 2.7 
Solve the following simultaneous equations. , 
it x+y=5 : x*-2y-14=0 
2. 3x—2y=1 > Snextxyeyie 
3 x-y=7 re snes? 
: a b 
4. x+y=a-—b | ; xy? 
5: x*+(y—1)7=10 ; e+ y2+4x= 1 
6. (x+1)?+(y+1)?2=5 |; (x+2)2+y2=5 tacts Seale a 
if x? + 2y? = 22 ; * Sx2+y2=29 
8. — 5y* = 6 ; 3x2 + y2= 14 . | ' 
9. —3y*=4 4) i epaxtSy2= 7. . ee: | 
10. 92+ 2y2=3 ; x2 + dry — 5y2=0 “a 
Il. =. 2x2 -y2 = 26 . 3x2 — 5xy — 12y2=0 i 
12, xttay=5 ytxy=3 | | 
13. x*-2xy=7 x xy + 3y?=2 fie oto oe ws 







7 t 


ae 9 
Bes Si ai . 
de tot 
: _ - 
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Solution: Let the breadth in cm be x. 
Then the length in cm will be x + 4. 
By the given condition rectangular area = 45cm’, thats, 


x (x +4) =45 
x2 +4x—45=0 
(x +9) (-—5)=0 
x+9=0 or x-5=0 
x=-9 or x=5 ‘ 
Ifx=5, thenx+4=5+4=9 (neglecting —ve value) 


Thus the breadth is Sem and length is 9cm. 
Example 3: The sum of the co-ordinates of a point is ; 6 and the sum of their squares is 20. 


Find the co-ordinates of the point. 
Solution: Let (x, y) be the co-ordinates of the point. Then by the given conditions, we have 
x+y=6 (i) 
x* + y*=20 (ii) 
s From eq. (i) y= 6-—x | (iii) 
Putting y = 6 — x in eq. (ii), we get 
x* + (6 —x)?=20 


x* + 36 + x2 — 12x 20=0 
2x2—12x+16=0 or x*~6x+8=0 
Factorizing, we get 
(x—4)(x-2)=0. => x=4 or x=2 
using eq. (iii), y=6-4=2 or y=6-2=4 
_ .. the co-ordinates of the point are (4, 2) or (2, 4) 


EXERCISE 2.8 | 
ak The product of two positive consecutive numbers is 182. Find the numbers. . 
2. Thesum of the squares of three positive consecutive numbers is 77. Find them. 
3; The sum of five times a number and the square of the number is 204. 
Find the number. | 
4, The product of: five less than three times a certain number and one less than four 


times the number is 7. Find the number. 
5: The difference of a number and its reciprocal is a . Find the number. 


ss * 6. The: sum of the squares of two digits of a positive integral Bumbert is 65 and the 
* number is 9 times the sum of 1 its digits. Find the number. | 





EEE ee 


(1) 


(11) 


(111) 


(iv) 


(v) 


(vi) 


(Vii) 


(Vill) 


(ix) 


(a) 
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The sum of the co-ordinates of a point is 9 and sum of their squares is 45. Find the 
co-ordinates of the point. 

Find two integers whose sum is 9 and the difference of their squares is also 9. 

Find two integers whose difference is 4 and whose squares differ by 72. 

Find the dimensions of a rectangle, whose perimeter is 80cm. and its area is 375cm_2. 


MISCELLANEOUS EXERCISE - 2 
Multiple Choice Questions 


Four possible answers are given for the following questions. Tick (v’) the correct 
answer. 


If a, Bare the roots of 3x2 + 5x -—2=0, then @+ Pis 


5 3 . =) "> —2 
@) 3 (b) 5 (C) cas Oy 
If a, Bare the roots of 7x*—-x+4=0, then afis 
el 4 pace op —4 
(a) > (b) 5 ©) | qd) =F 
Roots of the equation 4x? — 5x + 2 =0 are | 
(a) _ irrational (b) - imaginary (c) rational (d) none of these 


- Cube roots of —1 are 


(a) -—l,-@,-w? (b) -l,@,-w () -l,-0,0 @ 1,-0,-o@ 
Sum of the cube roots of unity is 

(a) 0 (b) 1 (C) ai (d) 3 

Product of.cube roots of unity 1s fet 


(a) 0 (b) 1 (Cc) el (d) 3 


If b2 — 4ac <0, then the roots of ax* + bx +c =0 are 

(a) irrational (b) rational (c) imaginary (@) none of these 
If b2 — dac > 0, but not a perfect square then roots of ax? + bx + c = 0 are 

(a) imaginary (b) rational _(c) irrational (d) none of these 
4 + Sis equal to | 

a p 


1 ibs dhesipaprairsieen 1) omy 
2 Wigriptad ate meen ives 
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(x) 


Qi) 


(xii) 


(xiii) 


(xiv) 


(xv) 


(xvi) 


(i) 


ii) 


Gi) 


(iv) 
(v) 
- (vi) 
(vii) 
(viii) 
(ix) 
(x) 
(xi) 


(xii) 


c + B? is equal to 
| ] l 
(a) a@-f Seat (>) qatg 
(c) (a+ f)?-2ap. - (4) a+P 
Two square roots of unity are ~ 
(a) 1,-1 (b). 1,@ (c) 1,-@ (d) @,@& 


Roots of the equation 4x* — 4x + 1 =O are : 
(a) real,equal (b) real,unequal (c) imaginary (d)__ irrational 
If a, Bare the roots of px* + gx + r=0, then sum of the roots 2@ and 2fis 


“4 r =2q 4 
@) > y) Ose O) TF (dd) -3 
If & Bare the roots of x* — x — 1 = 0, then product of the roots 2@ and 2s 
@) -2 (b) 2 -() 4 (d) 4 
The nature of the roots of equation ax* + bx + c = 0 is determined by 
(a) sum of the roots _ (b) product of the roots 
‘(c) synthetic division | (d) discriminant 


The discriminant of ax? + bx +c =Ois 


(a) b-4ac (b) b?+4ac  (c) —b?+4ac (d) -b?-4ac- 
Write short answers of the following questions. | 

Discuss the nature of the roots of the following equations. 

(a) ‘ x*+3x+5=0 * (b)  2x2-7x4+3=0 

(c) x4+6x-1=0  (d) 16x?-8x+1=0 


Find poe 


Prove that the sum of the all cube roots of unity is zero. 


_ Find the product of complex cube roots of unity. 
_- Show that x? + y? = (x + y) (x + @y) (x + wy) 
_ Evaluate @77 + w* + 1 


Evaluate (1 — @ + w7)° 
If @ is cube root of unity, form an equation whose roots are 3@ and 3. 


Using synthetic division, find the remainder and quotient when (x3 + 3x2 + 2) + (x — 2) 


Using synthetic division, show that x — 2 is the factor of x3 + x2 — 7x +2. 
Find the sum and product of the roots of the equation 2px? + + 39x —4r=0. 


Find a+ _pavtite rots ofthe equation x2—4x4+3=0 





ig 


(xili) 


(xiv) 


@ 
(ii) 
(iii) 
(iv) 
(v) 
(vi) 
(vii) 
(viii) 
(ix) 
(x) 


(xi) 

(xii). 
(xiii) 
(xiv) 


(xv) 


(Xvi) 


WV OW 
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If a, Bare the roots of 4x2 — 3x + 6 = 0, find 


(a) 


a+ ft ) $44 © af 


If a, Bare the roots of x* — 5x + 7 = 0, find an equation whose roots are 


(a) 


—a, —B (b) 2a, 28. 


Fill in the blanks 
The discriminant of ax? + bx +c =O is 


If b* — 
If b? — 


If b 


4ac = 0, then roots of ax? + bx +c =.0 are 
4ac > 0, then the roots of ax? + bx +c =0 are 


— 4ac < 0, then the root of ax? + bx +c=0 are 
If b? — 


4ac > 0 and perfect square, then the roots of ax? + bx + c= 0 are 


If b? —- 4ac > 0 and not a perfect square, then roots of ax* + bx +c =0 are 
If a, Bare the roots of ax + bx + c = 0, then sum of the roots is 

If a, Bare the roots of ax* + bx + c = 0, then product of the roots is 
If a, Bare the roots of 7x2 — 5x + 3 = 0, then the sum of the roots is 
If a, Bare the roots of 5x? + 3x — 9 =0, then product of the roots is 


A ] Rae 
For a quadratic equation ax2 + bx +c =0, op® equal to 


Cube roots of unity are 
Under usual notation sum of the cabe roots of unity is 
If 1, @, @? are the cube roots of unity, then @~7 is equal to 


If a, Bare the roots of the quadratic equation, then the quadratic equation is written 


as 


If 2m and 2@? are the roots of an equation, then equation is 


SUMMARY 


Discriminant of the quadratic expression ax? + bx + c is “b* — 4ac”. 


The cube roots of unity are 1, 


=| +\/-3 =i! -1-3 
>) and ers 


Complex cube roots of unity are @ and 7. 
Properties of cube roots of unity. . 


(a) 
(b) 
(c) 
(d) 


The product of three cube roots of unity is one. i.e., (1) (@) (@*) = @& = 1 
Each of the complex cube roots of unity is reciprocal of the other. 
Each of the complex cube roots of unity is the square of the other. 
The sum of all the cube roots of unity is zero, ie., 1+@+07=0 





ee 


i ee a 
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The sum ani ter cn of the Tone of ax? + bx + c= =0,a#0 are 
ease: toes aah eS 

a+ B= =—7 and ap = < = respectively. 


ri nts of of the roots of a etxiente renin are those functions in 
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In this unit, students will learn how to 


2a define ratio, proportions and variations (direct and inverse). 
| 2a find 3", 4", mean and continued proportion. 


23a apply ‘karin: of invertendo, alternendo, COMPO RERGS: dividendo and 


componendo & dividendo to find proportions. 


2a define joint variation. 

2a solve problems related to joint variation. 

2a use k-method to prove conditional equalities involving proportions. 
2a solve real life problems based on variations. 
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EN ————— 
3.1 Ratio, Proportions and Variations 


3.1(i) Define (a) ratio, (6) proportion and (c) variations (direct and inverse). 
(a) Ratio 


A relation between two quantities of the same kind (measured in same unit) is called 
ratio. If a and b are two quantities of the same kind and b is not zero, then the ratio of a and 


seer sa & 
bis written as a: b or in fraction b 


e.g., if a hockey. team wins 4 games and loses 5, then the ratio of the games won to games 


| 4 
lost is 4 : 5 or in fraction 5 


Remember that: 
| The order of the elements in a ratio is important. 


In ratio a : b, the first term a is called antecedent and the second term D is 
called consequent. 


eiratiothasinowinits: 
Example 1: Find the ratio of 





(7) 200gm.to 700 gm (ii) 1km to 600m 
Solution: (1) Ratio of 200gm to 700 gm 
3 200 : 700 = =2=2:7 
700 7 7 


Where 2 : 7 is the simplest (lowest) form of the ratio 200 : 700. 
(i) Ratio of [km to 600m 
Since lkm=1000m 


: 1000.10 5 .. 
or lkm : 600m = 1000:600 
1000 600 


= 


=100 ° 100 = 10:6 =5:3 
Example 2: Find a, if the ratios a+ 3 :7+aand 4: 5 are equal. 
Solution: Since the ratios a + 3 : 7 +aand 4: 5 are equal. 
in fraction form 
a+3 4 
7+a 5 
5 (a+ 3)=4(7 +a) 
5a+15=284+4a 





Sa —4a=28-15 
a= {3 
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Example 3: If 2 is added in each number of the ratio 3 : 4, we get a new ratio 5 : 6. Find the 
numbers. 
Solution: Because the ratio of two numbers is 3 : 4. 


Multiply each number of the ratio with x. Then the numbers be 3x, 4x and the ratio 
becomes 3x:4x. Now according to the given condition — 


3x+2 5 
4x+276 


6(3x + 2) =5(4x+2) => 18x+12=20x+ 10 
18x-—20x=10-12 => -2x=-2 > x=l 
Thus the required numbers are 
35 SU) = 5 
and 4x = 4(1) =4. 
Example 4: Find the ratio 3a+4b:5a+7bifa:b=5: 8. 





Solution: Given thata:b=5:8 or a 3 


3a+4b 
Now 3a+4b: Sa+71b= 574 7b 


3a+4b a b 
blo) **\p 
(Dividing numerator and denominator by 5) 


Qh as 
“(ee (- $9) 


15, 1592 
3.7 8 47 = 3 





=25 = 25456 81 
ue 7 & 
Hence, .3a+4b:5a+7b=47: 81. 
(b) Proportion 
A Proportions is a statement, which is expressed as an equivalence of two ratios. 
: 


If two ratios a: b andc: dare eaual then we can write 2: b=c:d 
Where quantities a, d are called extremes, while b, c are called means. 
Symbolically the proportion of a, b, c and d is written as 
a:b:icid 
or a:b=c:d 
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&lo 


2wa 
it a 
2 b 


be... *- ad= be 
This shows that, | Product of extremes = Product of means. 
Example 5: Find x, if 60m : 90m :: 20kg: x kg 
Solution: Given that 60m: 90m:: 20kg :xkg 
60 :90=20:x 
Product of extremes = Product of means 


60x = 90 x 20 


i ari = 30 i.e., xis30kg 





Example 6: Find the cost of 15kg of sugar, if7 kg of sugar costs 560 rupees. 
Solution: Let the cost of 15kg of sugar be x-rupees. 





- Then in proportion form 
15kg : 7kg :: Rs. x: Rs. 560 
15:7=x:560 
Product of extremes = Product of means 
15 x 560 = 7x 
Tx = 15 x 560 
ne oa = 15(80) = 1200 
Thus, x=Rs. 1200. 
EXERCISE 3.1 . 
1. * Express the following as a ratio a: b and as a fraction in its simplest (lowest) form. 
(i) . Rs.750, Rs. 1250 (ii)  450cm, 3m 
(i) 4kg,, 2kg 750gm (iv) 27min. 30 sec, 1 hour 
SO) 782-225? | | | 
2. In a class of 60 students, 25 students are girls and remaining, students are boys. 
Compute the ratio of ji 
(i) boys to total students Gi) © boys to girls - 


3: If 3(4x — Sy) = 2x ~ Ty, find the ratio x ; y. : 
: Find the value of p, if the ratios 2p +5 : 3p +.4 and 3 : 4 are equal. 
5. If the ratios 3x + 1 : 6 + 4x and 2: 5 are equal. Find the value of x. 
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6. Two numbers are in the ratio 5 : 8. If 9 is added to each “initia we get a new ratio 
8 : 11. Find the numbers. 
ths If 10 is added in each number of the ratio 4 :13, we get a new ratio | : 2. 


What are the numbers? 





8. Find the cost of 8kg of mangoes, if 5kg of mangoes cost Rs. 250. 
9. Ifa:b=7: 6, find the value of 3a + 5b: 7b — 5a. 
10. Complete the following: 
| 24 
(i) =e , then 4x = 
5c 
(i) If5-= 4 then ay = 
” 9pq _ 18p = 
(iii) Ifsim = Sm? then 5g = 
ll. Find x in the following proportions. 
3x=1°3 2x7 
()  3x-2:4:52n43:7 WD) recs 


2, 4-35 851 5h eet ; 3 | 
(iii) (2 'y=1" 5 ted @) 2 “ait pe 


(v) 8—x:ll—x::16—x:25-—x 


(c) Variation: 

The word variation is frequently ised in all sciences. There are two types of 
Variations: (i) Direct variation (ii) Inverse variation. 
(i) Direct Variation 


If two quantities are related in such a way that increase (decrease) in one quantity 
causes increase (decrease) in the other quantity, then this variation is called direct variation. 


In otherwords, if a quantity y varies directly with regard to a quantity x. We say that y 
is directly proportional to x and is writtén as yo xory= kx. Le. y_ k, k#0. 


The sign « read as “varies as” is called the sign of proportionality or variation, while 
k #0 is known as constant of variation. | 
é.g.,° (i) Faster the speed of a car, longer the distance it covers, 

(ii) The smaller the radius of the circle, smaller the circumference is. 
_ Example 1: Find the relation between distance d of a body falling from‘rest varies directly 
as the square of the time ¢, neglecting air resistance. Find k, if d= 16 feet for t= 1 sec. Also 
derive a relation between d and t. 
Solution: Since d is the distance of the body falling eee rest in time t 

Then under the given condition so , eee 

d cc f? 
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d= (i) 

ir eae d= 16 feet and t= 1 sec 

y “Then. equation (i) becomes — 

A ee mes : —16= -k (1)? 

ie ie KAS k=16 | . 
putin eg, @ d= 16f 3 

: E F _Which i is a relationship between the distance d and time t. 


| Se eae cximple 
_ @ _ Find time t, when d= 64 feet 
























“G ‘|_(@)___ Find distance d, when t = 3 sec 
amp! a2 If y varies directly as x, find 
_ the equation connecting x and y. n4 
| 7 pee (2) ~ the constant of variation k and the relation between x and y, 
* <" ___ when x = 7 and y=6 | 
et (c oy. the-value of y; when x = 21. 
olutio 3: (a) Given that y varies directly as x. 
Miles . yux,te, y=k, _ where k is constant of variation. 
| a (0) Putting x=7 and y = 6 in equation 
| ; ry uy x os m0 ke wie, Ys = (i) 


Ta." . | pie can thy ie int 


A ee k= 
AH Goan nt bi thieteaste ; 
“ Saba taste 865) Gi i) 


y= 


‘Pu tin eg, Bu 












nequation | 
aii a * 
2 Then sans ye bagi cer oe a eae 
wt . : coo 


s fia me 3 Ahi Lad bling: “as coi ‘ 
) xs ple cr Given that A varies a ‘ie: begin when r = 9cm. 
| Ifr= 14 4cm, ther n finc 1A. poet ; Janine WIE 10 hee 


c vty an eeee i eee 
u on: Since. A. Vz ries dire tly as squa are ate yi 


Saint 
peat : eee es Maris St 234 


' 
seth 


‘5 a Aoi sch) Je i si) 2h 

Wht wis WD Teil b> ® Sviyep 

cin it mliai hy sonic. snothiod 
. - RR psy pie | 

;.. - - afc. 


fiw i 
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22 
Put k="> and r =14cm in eq. (i) 


A= 7 22 (14)? =x 14x 14 = 616 cm? 


Example 4: If y varies directly as cube of x and y = 81 when x = 3, so evaluate y when x = 5. 
Solution: Given that y varies directly as cube of x. 

he, yox or y=k3 (i) (where k is constant) 

Put y = 81 and x = 3 in (i) } 

8l=kGeS27k=8i— k=35 
Now put k =3 and x = 5 in eq. (i) 
y = 3(5)? = 375 

(ii) Inverse Variation 


If two quantities are related in such a way that when one quantity increases, the other 
decreases is called inverse variation. 


In otherwords, if a quantity y varies inversely with regard to quantity x. We say that y 
felt col k 
is inversely proportional to x or y varies inversely as x.and 1s wnitten as y or y= 
i.e., xy = k, where k # 0 is the constant of variation. 


Example 1: If y varies inversely as x and y = 8, when x = 4. Find y, when x= 16. 
Solution: Since y varies inversely as x, therefore 


yori <i) kOrmgpi ( 
= xy=k (ii) 
Putting y = 8 and x= 4 in (ii) i: 
k = (x) (y) 
_, = (4)(8) = 32 


32. 
Now put k = 32 and x = 16 in (1) => y= 1672 


Example 2: If y varies inversely as x* and 12 16, when x=5, ‘so find x, when y = 100. 
Solution: Since y varies inversely as x2, oe 


l 
YE 52. ie pas y=3 
k= x+y : d (i) 
Put x = 5 and y = 16 in (i) tee ote ; 
k = (5)* x 16 7 b> TO my are CO RS 
k = 400 . | | mood Lat’ of 60 aie! sesettatiee, 


Now put k = 400 and y = 100 in @) - 78 }! adh 





‘ EXERCISE 3. 2 
fe= 
ae Ri vancs directly as x, and y = 8 when x = 2, find 
@) " yin terms of x | | (ii) y when x = 5 
: (iii) ~~ x when y = 28 sam | 
a2 If y « x, and-y = 7 when x = 3 find | 
@ y in terms of x -- ~ (ii) > x when y = 35 and y when x= 18 
3: If R < T and R = 5 when T = 8, find the equation connecting R and T. Also find R 
when T = 64 and T when R= 20. 
4. IfRe T and R=8 when T=3, find R when T = 6 
Satie elt V c R? and V=5 when R =3, find R when V = 625. 
6. _. If w varies directly as u? and w = 81 when u = 3. Find w when u = 5. 
bate ir ylfy) varies inversely as x and y = 7 when x = 2, find y when x = 126. 
13° If Dies 4 andy = = 4 when x= = 3, find x when y = 24. 
4s 1 175 
9. Ifwe-andw= SyW nen 2 = 9. find w when z=". 
“ip = we Psi : 7 oe 
| 10. Sapa = 2 when r =3, sn Wu =72. 
i 11. ae<jgand a=3 when b= rndawict 28. 
; a ut RT 
3 12. Vee sand V= = 5 when r= 3 find Valen 6 and r when V = 320. 
rs : : 13,0 mo pandm=2 when n= 4, find m when n = =6 andn when m= 432. 
»! iy 
sare 3.10) Find 3, 4" » mean and continued proportion: . ) 
Ay | res ik: Df: €; Pe ate x tie Dae y Pp oe sae ey n 
Stes $ . nut We 2 xe oe pa RI 8 that if quantities a, b, c and d are 1 | 


PA) Pe 'e- 













' 2's 





.57 . Mathematics 10 
G2 y2) G2 y2) (x2 — 2) (x—y) (x+y) , Ce 
C" yaebhy)  Geeee RG) 
c=(x?-y%) (e-y) = (x+y) ey)? vuncqerey buisire Ba 
Fourth Proportional . | 
If four quantities a, b, c and d are ‘Ciaied as 
a: Oca | 
Then d is called the fourth proportional. 
Example 2: Find fourth proportional of a> — b3, a + b and a2 + ab + va u 
Solution: Let x be the fourth proportional, : 
then (a3 —b3): (a+b) :: (a2 + ab +b?) : x 
ie, x(a3—b3)=(a+b) (a2+ab+b?) 


(a+b) (@?+ab+B) (a+ b)(@+ab+b) 
— b ~ (a—b) (a2 +ab + b2) sata 5 bait é 















gear : , 
a—b 
Mean Proportional | : : 
If three quantities a, b and c are related as a:b :: DEG eae Oe nie 
then b is called the mean proportional. | , ss | “4 ee ee 
Example 3: Find the mean proportional of 9p%q4 and rf, ae" Mee 
Solution: Let m be the mean proportional, EGOINAGOM HB 2 emrietougr om. r” 
then 9p%q4:m::m: 7 oA B ATEL 2 NOK —3 VS oF 2 ome met id é 
mosey la enmhugor al yd-besebab of whet s 
% m . m= 9prq" ("). : seers ¥ mort T ff} ce 
m?=9peqirr lies erdaedt beysdinke |. ve 
m= = +/9pq4r8 = a+ 3p * o peehipS ihe lt we of shee 2 
Continued Proportion i: q-; Of mgt AS 4 eo bet 
If three quantities a, band care related as “ali aS lh ee ‘ontti2, mit 
| G03: Dacre ; Me» 
ae where a is first, b is the mean and c is the third ropoxtitea tthen 
continued psig ole 


Solution: Since 12, p ana 3 are in continued proportion. a 


ers 






= W2ipspi3 he, Po =03)8 = 4 Pp se a 2 a 
Thus, p=t6 - | OE: 
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Dy at EXERCISE 3.3 © : 
1. _— Find a third proportional to Ms 

A vate g 2) ae f@ 6, 12 we (ii) a3, 3a? 
it) Bab (i) © @=y),33-y% 

Bea eb eps si yn to i eae 

aoe hea ) — @&+y)?, x2 - xy 2)? (3) Saree nmrmrend 











: cf . * 2. ~—_—s‘ Find a fourth proportional to. 
Vireo @ 5,815 (ii) 4x4, 2x3, 18x5 : 
am (ii) —_-15a5b8, 10a2b5, 214363 (iv) - x2-11x + 24, (x- 3), 5x4 - 40x3 
; | OO) RCC SEY aaa aa 
Wi) = GN? + 79+ 7), P +a P- 2 
aa Find a mean proportional between 
tee 220,457 (i) 20x95, ee 
a ; (iii) ‘Sp4qr’, 135q?r? (iv) x—- y aeety 
, 4. = Find the values of the letter involved i in the following continued proportions. 


| hs ef _@ _ 5,p,45 Date (ii) 8, x, 18 
x oo Gi) ‘12, 3p-6, 27 ba), 7,.m—3, 28 
_-——s« 32s Theorems on Proportions ! 










room ‘ $ Seat artiass 
ty <, is Sietout quantities a, b, c and d form a proportion, then many other useful properties 


eb 


ibe lect properties.of fractions. . 
Theor orem of Invertendo 
b=c:d,thenb: a= d:c 


163m: BrP: 2g, th 
2a: 3m 







y, Ex Be 
| cs * 










| 
ba, ‘ 


3 

a ot ‘ —_ _— 
RP 4 Sear ee Seer re fy corr «\ | 
* 


- Teeanrre . : - - 
- bits eos ot ki 
+ in f§ “tA, =] he: 


pusians sn * bax T54 


e 


URCHE era es 


‘ a , ta) 


* ~> : " ‘ ? 
on TD - rs ) i 
we Lio Pp - = 


: ; a! . , ‘ii a * ee . 
eS i On : 3m = 2g: p ies “ 
ee, Alternan me oO ‘ aA ‘2 ; 
If a:b — =iCt , the enasem bid "y".) ; 
4-5 If 3p+ 1b 


uti a: Given that 3p #1" PE a ae 
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Then err ) | yi eee | ee se a 
By alternando theorem 
3p +1 _ 2q . b sas erie. ‘esting 
Sr ems rT . = 
Thus, 3p+1:5r=2q¢:7s | 
+9 3(3) Theorem of Componendo ) 
If a:b=c:d, then J, ‘A unite, esd 
(i) at+b:b=c+d:d Hf a 2 = 
and (ii) a:a+b=c:ct+d wef 
Example 3: If m+3:n=p:q-—2, then 3 5 OR . i) 
m+n+3:n=p+q—-2:q-2 | | | 
Solution: Sincem+3:n=p:q-2 


: ti +3) aD ee Sn eee . . 
.". ng ae | MM | | 
By componendo theorem ee} = ih ey ee uth . q 
(m+3)+n_ +(q-2 GP UA +4 ; the, + at, hae, EE ed wiper “4 
ent ~ @g-2 ot en oa 
m+n+3_ p+ g-2 ey Ne ys 

Rin Aig=2 otent~ mtg ewe mae eie > apo ah 


Thus m+n+3:n=p+q-2:q-2 Siber hinged as 





Yh sven wth 















or 


i. ES Lm F jy 2 
ivi . . * ‘ > jt jaa 
(4) Theorem of Dividendo t~ qt  ne— ar | ee 
. = . : : * - . ‘a 
If a: b Cc. d, then ih rth. ati 7 rita thy OGY 1a. | on ms 
(i) a-—b:b=c-—d:d cs | pe 
irk RE} CNC eas eh. Mek + | 7 ie 
and (ii) a:a-—b=c:c— =e Pe TREE - UTI, Fee < ie 


is Cal Bn gers a ve & See 

Example 4: Ifm+1:n-2= sn 3q+1. | | ee 2 
Th 3 :in=2= eos #23394 i Me ome ee 
en m—-n+3in— 2 Be a+ be came oat i be ey | 
Solution: Given thatm+1:n—2= 2p+3: 3q+ ‘le - ig “oh 


; Mer ae 
1 } te SNL a ai a ef m 
Then m+} _ pt | a | a spl 








n—-2 3q+1 ie 
By dividendo theorem 
| m—-n+3 2p—3 aes 
n—2 arti ec a Eva g J pees 
Thus m—n+3: n— 2s! 2 ats 23h 3q 4 ea + z 2 
(5) on of x Cone nd 2 1: | 
Ye Si b=c:d,t hen} (HaBobiMsD 
@ anes moe L seo | 
and i) a-biatb=c-dierd | 


x yh 
~~ = 









= 










a 












as 


at ) 
mA ‘oe « 
~~ © U 


hy }- . oH | , 


Oa & > 
| he - ald oy! a P A 


















M. 


y Variations a ee 00 
nple 5: Ifm:n=p: 4. 
cohen 3m—7n= 3p 47g: 3p -7q 


> Mmin=p:q 


- ° “* 
7 s/ a 
> 7? "ae: 
j 
i] 


ee é nq 
| Mal ilying lyin ie eon siGes by e we get 
ae a 


cae 
he ao theorem 


re “a — “Pa 


Tia 




















Snare 
BeLEs Tn =e+le 


SN 


ape + 7n: n= Tn = 3p +14: 3p—74 
i Bee x: ean: hn- 3n = 5p. + 3q : 5p — 39, 
= then sh ow that EON q , 
lution: G Give Given that oe Sm 3n = eT: ope aq 
Bee a yaa | 
Bye componendo >-di videndo theorem . WF 
1 3n) + ( Sm=3n). _ 6p +3q) + (Sp- as 3q) | 
(Sm + mie Kone ae (Gp sie (Sp - ue 


5m + 3n- 


5m +3n n— Sm es 3n 5p 4 


Vi 
ny ee oe eas? sy 
‘yy ou 1 jgelk, Pape be ee ae he Fate ta — ~; — i, 
Mult Dp: ly) ng boti 1 sides by 10. ak 





2 Ahsredh, - Hietr A= 
OA ea a 
* Yar ak — 
"ee Ri 
feeb mt PH Hs 
is. @s 
fat sabi Rlasins a (2 
‘ eorer C Ci } ¢) ne ri Jlo-d liv le: yy he ° Ro Sy a _ — 
) 1 OF CC mp nendo-c ivid acs e\ valu ON. i 


if4 


fo 


y! 
— 
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Solution: Since m= et | or mae . (i) ee \a 
m ae? a + 0G J UNS 
3p p+q 
By componendo-dividendo theorem . 
m+3p_ 2q+(p+q) 2q+p+q pA 
m—3p" 2q-(p+4) 24-p—q | 
m+3p_p + 3q (ii) | 
m—3 - 
f ie A3G0) | nnoy aol) ei 
Again from eq. (i), we have : 
m =Z3pea . Se ; ; si lcci (gv) eee sl) 
2q~p+q (f= a) 
By componendo-dividendo theorem sitet Shishi oRaanagTees ea | 
m+2q 3p+(pt+qg) 3pt+ptq — ae? Some i, 4 
m—2q a (p-+.q) RS) =p eqi =) aia oa J 
a ono ay Ct) i 465 = 
Adding (ti) and (iit) = acta oi cusp nope oo ae : 


m+3p m+2q_p+3q 4pt q_ 
t Mu _p +34 , 49+ Cee 
m—-3p m-2q q-p. 2p q Ps q. 2p-q bbe 
+ 3¢ =e Fk ae | 
aS CIF a) Br Saha ; 








Y= 
2 —8 + = ar! | ee hy = - 
estos Siete oT 
~(p—q)(2p-4)_ @- @(2p— —q) oe 
Example 8: Using theorem of componendo'dividendo, solvethe equation a 
X43+yx-3 4 ad eOiior a jad 


ee NPE 


Solution: Given equation is ~ 
P . a3 =i 


By componendo-dividendo t neore! 


——E——E — 














acne oe sides 


x+3 
i ae he gon 


x+3=49 (x—-3) di 49x-147 => x-—49x=-147-3 


@+3Y-G@-SP 4 
(e+ 3)2+(x—5)2 5 


= (Ree =e 4 
Bee 5)2— 5 


The si tion set H } =stls 


aw 


— 





. 
7 


4 4 


lat 1a +5b 


cL =F 


—5b- 


ok s.78) L ters 
pa+qb:pa—qb ‘=pe+ qd: pe-'4 d 


~ , + »* kL 
ST Dw ay td fT am | ah 
AT TU Tr ee ‘ 
— ~ 


2 
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(vii) 2a+3b+2c+3d 2a-—3b+2c—3d 
| 24:36 =20—3d | Dasha new 


a+b? ac+bd 
a’ —b*” ac—bd 


wr Using theorem of componendo-dividendo 
(i) Find the value of Ha 09 1 od ff xa 


(Vili) 








x-2y x-2z’ yr+z 
{ m+3n m+5p .. __10np 
(ii) rand the vale cfs aren m= Sp?! ap 
(ili) Find the value of Sad ee nk) ee 


X+6a (xu6b? UU FESS, 
(iv) Find the value of x=3y _x+3z if ee nove 


x+3y x-3z’ y-z . 

| s—3p 's+3q . _ 6pq 

(v) rind the value Ota ar ; Se i 
(x—2)?-—(x-4)? 12 i 


Wy SOW =o aan is fe: i 


Vxt+2+yx2-2 _ - | : 


24+2-\x2-2 


(vii) © Solve Meee Ne 
ERE PR 
(x+5P-@-37 13 
(x+5)2+(x-3)) 14 
3.3.(i) Joint variation ¢ 
A combination of direct and inverse variations of one or more than one variables 
forms joint variation. 
If a variable y varies directly as x and varies inversely as z. 


(vii) Solve 


= i es Pee BY Ow Oe 
. gc ¢ c= 'f- 2 ° 


(ix) Solve 


] 
Then yox and yr 
In joint variation, we write it as 
Acs Z 
x 
Bers ake 


Where k 0 is the constant of variation. 





nr = 
We unal 


re 





Variations ee 64 





For example, by Newton’s law of gravitation, if one body attracts another with a 
force (G), that varies directly as the product of their masses (m,), (m,) and inversely as the 
square of the distance (d) between them. 

. m m 

bé;; eG oc a or G=k a7» where k # 0 is the constant 

3.3.(i) Problems related to joint variation. 


Procedure to solve the problems related to joint variation is explained through 
examples. ; 








Example 1: If y varies jointly as x? and z and y = 6 when x = 4, z = 9. Write y as a function 
of x and z and determine the value of y, when x = —8 and z = 12. 


Solution: Since y varies jointly as x2 and z, therefore 


y oc x2z 
Le, y=kxz (i) 
Put y=6,x=4,z=9 
6 =k (4)? 9) 


om On* sl. 
16x9-* > k=94 


l= l 
Put k= 7A in eq.(i), y= mA xz | 
Now put x =—8, z= 12 in the above equation, 
' 
y =54 8)? (12) = 32 


Example 2: p varies jointly as q and r2 and inversely as s and ?2, p = 40, when g = 8, r=5, 
S = 3, t= 2, Find p in terms of g, r, s and t. Also find the value of p when g = —2, r=4, s =3 
and ¢=—1, | 


Solution; Given that p< 4 
pak (i) . 
Put p=40,q=8,r=5,s=3 andr=2 
8 
40 x3 x4 _ 
‘SX 250 
212 | 
5 
Then eq. (i) becomes 
12 gr 
P= 5 st? 


k 


3a+2b 3c+2d 
3a—2b 3c-—2d 
Solution: a:b=c:d 
ac 
Let b= =ank 
Then a=bk and c=dk 
To prove 22+? = 3c +2d | -. : ae 
3a —2b 3c—2d | | os aE SS 


| I i 
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Now for gq = —2, r= 4, 5 =3 and f= —l, we have : 
_12 C24? __ 128 | : 
Pos BCT eS 7 : 


EXERCISE 3.5. 


l. If s varies directly as u2 and inversely as v and s = 7 when u = 3, v = 2. Find the value 
of s when u = 6 and v= 10, 

2 If w varies jointly as x, y? and z and w = 5 when x = 2, y = 3, z= 10. Find w when 
x=4, y=7 andz=3. | 

3. If y varies directly as x° and inversely as z? and ¢, andy = = 16 when x = 4, z = 2, 
t = 3. Find the value of y when x = 2, z=3 andt=4. 


4, If u varies directly as x* and inversely as the product yz, and u = 2 when x= 8,y=7, 
Ze: Find the value of u when x= 6, y=3,z=2. 


5. If v varies directly as the product xy? and inversely as z* and v = 27 when x = 7, 
y = 6, z=7. Find the value of v when x = 6, y =2, z=3. 


6. If w varies inversely as the cube of u, and w= 5 when u = 3. Find w when u = 6. 
3.4. K-Method 
3.4(i) Use k-method to prove conditional equalities involving proportions. 

If a: b :: c: dis a proportion, then putting each ratio equal to k 


1.€., 


a=bk and c=dk 
Using the above equations, we can solve certain problems relating to. proportions more easily. 
This method is known as k-method. We illustrate the k-method yuoves the following 
examples. 
Example 1: If a: b=c: d, then show that 
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Now L.H.S= 37 ob = 3kb — 2b ~ b(3k — 2) 
sate Gi) 
Also RS ee a aog™ ao 2, 
| 
LHS =R.H.S 
Sat 2b sc+2c. 


be, 39 2b = 302d 


Example 2: If a: b=c: d, then show that 
pa+qb:ma—nb=pc + qd:mc—nd 


Solution: Let; =5=k, then a= bk and c= dk 


iGeymeadhornner loo eet eee 


ma—nb~ mkb—nb 

_ Dipk+q) _ pk+q 

 bD(mk—n)” mk—-n 

Rn peed |. pkd+ ad 

PCS gas mee mc—nd~ mkd—nd 

ny _dpk+q) _pk+q 

 d(mk—n) mk-n 

Le. - pa+qb:ma—nb=pc+qd:mc—nd. 
7 ai.c¢. oe | @e+ce+e. ace 
Example 3: It Baa fr nen show that 1 4 f3 ~ bdf 

Solution: Let 5 == 7=k | 


a Ce aes Ere 
Then Bakeaga ae 


ie., a=bk,c=dkande=fk 
@+c+e ace 
To prove P+a+f2~ bdf | 


@+G+e (bk +(dki+ (fh? 
Now LHS =——,_3= = 


B+hi+f? B+P+f? 
3 + BKe + Bae Ett) _p 
NB + Bap?) 


(c= 



























L.H:S'=R:H:S 
: a+ce+e ace 
hey B+ B+ P— ss 


aoe abh+d+ef _atcre 
Example 4: Hae a= 7 then show that 7 2cicatner = Danan 


a = bk, c= dk, e = fk 


7 ab+ctd+e*f atcte 
0 PROV’ ab? + cd? + ef b+ d+f 


a*b+c*d+ ef | | | 
LHS. = Sbted+ ef ; ) | 

(bk)2b + (dk)-d+ (fkKYf b3+d3+f3 

= (bk)b? + (dk)d2 + (fof? kb? +kd2 +3 


~ k(b +d +f?) 


Ris =2tete _ bk+ dk+ fk | em ioe gil i gael f 
[btdtfa b+dt+f. SALT h ees >, Sh \ 
_k(b+d+f)_, . 31 t= : : I S| 

b+d+f | a 
L.H.S. = R.H.S. | = Gadel | 3shpep yet i, + oth 
| ab+cd+ef atct+e | eee A EO Se ne 

Thus, = | Terrier A Abo hy Oot’ (10 )-S A ) eed eee 

ab? + cd* + ef?” b+d+f | his | ie 


* 2 a} 


1. If a:b=c:d, (a,b, c,d 0), then show that 
: 4a-9b 4c—-9d se a - 
© 4a4 96 = 4onod cD 





(v) pla+b)+ ab: pe+d) + qd = 3: <u 


(vi) == a*+b?: esd? ‘eed . 


if a ea C_ = oud 
(vii) Aa bee a ae * = 


oe oti 
a a Se — 


(| aT o ne if = ih Th 7 Vi | — , 7 a i = Js 
Fi “". a i -_— ee ‘ r 
| a fF re) eee ee UP ee 











ace 
2. tot df (a, 5, c, 


a fa+ct+e? | |... actce+ea [22] 13 
OQ Bp \P+e+fh (i) ‘bd + df+fb =| bdf 


ac. ce. LEE be Xa 


ND bd aft fo ht 7 


d, e, f #(), then show that 


3.4(ii) Real life problems based on variation 


Example 1: The strength “s” of a rectangular beam varies directly as the breadth b and the 
square of the depth d. If a beam 9cm wide and 12cm deep will support 1200 Ib. What weight 
a beam of 12cm wide and 9cm deep will support? 


Solution: By the joint variation, we have: sc bd + 





‘ie; s=kbd (i): 
Put s=1200, b=9 and d=12 
K(9) (12)? = 1200 
__1200: 25 
9x 1447 27 
Put in eq. (i) . sa bd? 


es | 9 
== (12) (9)? = 2U2 e 2). = 900 Ib 


Example 2: The current in a wire varies jae as the electromotive force E and inversely 
as the resistance R. If J = 32 amperes, when E = 128 volts and R = 8 ohms. Find I, when 
= 150 volts and K = 18 ohms. 


Solution: In joint variation, wehave [« e Sekée. f= “ (i) 


For J=32,E=128 and R=8, 
yy. ws 32 X8 


oe ek => k=2 
Putineg.@) I=". 
Now for £= 150 and R= 18 
2(150) 50 
ie ise-aisi 


(i) 


‘The surface area S of the sphere varies directly as the square of radius r, 


————= = 2 = = 
ee = 


69 Mathematics 10 - 


EXERCISE 3.7 


The surface area A of a cube varies directly as the eauate of the length / of an edge | 
and A = 27 square units when / = 3 units. 


Find (1) A when / = 4 units (ii) / when A = 12 sq. units. 


and S = 162 when r= 2. Find r when S = 367. 

In Hook’s law the force F applied to stretch a spring varies directly as the amount of 
elongation § and F = 32/b when S = 1.6 in. Find (i) § when F = 50 Ib (ii) F when 
5 = 0.8in. 

The intensity J of light from a given source varies inversely as the square of the 
distance d from it. If the intensity is 20 candlepower at a distance of 12ft. from the 
source, find the intensity at a point 8ft. from the source. 

The pressure P in a body of fluid varies directly as the depth d. If the pressure | 
exerted on the bottom of a tank by a column of fluid 5ft. high is 2.25 lb/sq. in, how 
deep must the fluid be to exert a pressure of 9 Ib/sq. in? 

Labour costs ¢ varies jointly as the number of workers n and the average number of 
days d. If the cost of 800 workers for 13 days is Rs. mes ca. then find the labour cout 
of 600 workers for 18 days. 

The supporting load c of a pillar varies as the fourth power of its diameter d and 
inversely as the square of its length /. A pillar of diameter 6 inch and of height 30 
feet will support a load of 63 tons. How high a 4 inch pillar must be to support a load 
of 28 tons? 

The time T required for an elevator to lift a weight varies jointly as the weight w and 
the lifting depth d varies inversely as the power p of the motor. If 25 sec. are required. 
for a 4-hp motor to lift 500 lb through 40 ft, what power is required to lift $00 Ib, 
through 120 ft in 40 sec.? 

The kinetic energy (K.E.) of a body varies jointly as the mass “mm” of the body and , 
the square of its velocity “v”. If the kinetic energy is 4320 ft/lb when the mass is ~ 
45 Ib and the velocity is 24 ft/sec, determine the kinetic energy of a 3000 /b 
automobile travelling 44 ft/sec. | 


MISCELLANEOUS EXERCISE - 3 


Multiple Choice Questions 

Four possible answers are given: for the following questions: Tick (v) the 
correct answer. aes | od 
Inaratioa:b, ais called ) ie 4 
(a) relation | (b) antecedent eric: ae 
(c) consequent (d) None of these Bap Tench ace am | 





eer tere = ae 
ae eee = 


ee ee ee 


= a age Sore ee os ie Be ee Oe 
SS re eee a ee 
Fl 


= Sr. 


eek 


fi 
a) 
. | 
5 
zt 
pe | 
7 | 
.| 
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(ii) 
(iii) 
_ iy) 
(v) 
(vi) 


(vii) 


(vill) 


(ix) 


(x) 


(xi) 


In aratiox: y, yis called 








(a) relation (b) antecedent 
(c) consequent (d) None of these 
In a proportion a: b:: ¢: d, a and d are called, 
(a) means (b) extremes 
(c) third proportional (d) None of these 
In a proportion a: b:: c: d, b and c are called 
(a) means (b) extremes 
(c) fourth proportional (d) None of these 
In continued proportion a : b=b: c, ac = b2, b is said to be _ proportional 
between a and c. 
(a) ‘third (b) fourth 
(c) means (d) None of these 
In continued proportion a: b=b:c, cis said to be proportional to a and 8, 
(a) third (b) fourth 
(c) means (d) None of these 
Find x in proportion 4: x::5:15 
@ 2 . o) § 
Oper @) 12 
If u cc y*, then 
(a) u=v? (b) u= 
(c) uv2=k (d) | uv? = ] 
If y2 oc s , then 
@ yas 0) y=4 

x3 3 
(c) y=x2 dd) y=k:3 

uoy 

If = yh then 
(a) u=wk? (b) u=vk2 
(Cc) u=w*k dd) u=vk 
The third proportional of x? and y? is 
@ % o) 
OME ‘pace ot @ 3 











OO ee 
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(xii) The fourth proportional w of x: y:: v: wis 
xy ; vy 
@ (b)* nik 
© mv St ad) ae 
(xiii) If a:b=x: y, then alternando property is 
a, 2_28 , @_x 
(a) aay | (b) b-y 
a+b x+ Pe (ty 
Ohare @)." Seas 
(xiv) Ifa: b=x:y, then invertendo property is 
a_o : , ep 
(a) x y (0) a-b x- 
+b x+ b 
0 a re 
(xv) If ; = ; , then componendo property is 
a Cc | ag ail ek 
(@) G+b c+d it) Mesrmcsy 
ad ae —b c-d 
o # @ ihee 
2. Write short answers of the following questions. 
(i) Define ratio and give one example. _ iy i Lak OE eR : 
(ii) | Define proportion. : 
(iii) Define direct variation. 
(iv) Define inverse variation. mane} ei | 
_(v) _ State theorem of componendo-dividendo, ee Se —— ie 12h 
(vi) Find x, if 6:x::3:5. spssna ali eee | 
(vii) If x and y* varies directly, and x = 27 when y= 4. Findt the value of yw fy w hen xs i 
_{viii) If u and v varies.inversely, and u = 8, when vy = = 3. Find wh en u= - 2 (he 
(ix) Find the fourth proportional to 8, T;3O.% PS ORL A » * ieee ea, 
(x) Find a mean proportional to 16 and 49. he tian its ens coe 
(xi) Find a third proportional to 28 and 4. — S 


te We a) ok Se: 
a NOAH at iat 
sg oe a) ae 


abn De 


a 28 when x= 7, er 





If y cc 


Se ee 
fe ee ee ——_——_ SS — |} 
ao Wi = ih = hz az i. 


~ in} ty 
oe A a 


Variations ; 72 









3. ‘Killin the blanks 
(i) The simplest form of the (a SU eet es. 
(ii) In a ratio x: y; xis called 
(iii) Inaratioa:b;biscalled__—_. 
(iv) Inaproportion a: b:: x: y;a and y are called 
(v) In a proportionp:g::m:n;qandmarecalled tt. 
(vi) In proportion 7:4::p:8,p=: 
(Vil) Recon o sia thenm= 9°. 
(viii) Ifx and y varies directly, then x = : 
(ix) If varies directly as u3, then u> = 
(x) If w varies inversely as p*, then k = 
(xi) A third proportional of 12 and 4, is 
(xu) The fourth proportional of 15, 6, 5 is ; 
- (xiii) The mean proportional of 4m?2n4 and p® is 
(xiv) The continued proportion of 4, m and 9 is 
SUMMARY 
> A relation between two quantities of the same kind is called ratio. 
> A proportion is a statement, which is expressed as equivalence of two ratios. 
If two ratios a: b and c : d are equal, then we can write @: b=c:d 
: (Sel SEE 
_» __ If two quantities are related in such a way that increase (decrease) in one quantity 
causes increase (decrease) in the other quantity is called direct variation. 
> If two quantities are related in such a way that when one quantity increases, the other 
| decreases is called inverse variation. 
> ‘Theorem on proportions: 
A) (1) Theorem of Invertendo 
‘ale : - Ifa:b=c:d,thenb:a=d:c 
“eS (2)  TheoremofAlternando — 
Bice ; Ifa:b=c:d,thena:c=b:d_ 
uk ye ik (3) Theorem of Componendo 
ihe 2 Diet le A ogee AE. a:b=c:d, then 
ad itr: —@  atbib=ctdid 
Ba ss 3) ty (ii) a:at+b=c:c+d 


a. 
a 
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ai3 | Mathematics 10 
a a | 
(4) Theorem of Dividendo , | “tae 


So 
SS ae 


If a:b=c:d,then | | 

(i) a-—b:b=c-d:d. ni ne 

(ii) a:a-b=c:c-d are a 

(5) Theorem of Componendo-dividendo = 5 (- IAR 

If a:b=c:4d, then RR a al 
at+b:a—b=c+d:c-d 

> A combination of direct and inverse Variations of one” or more than one variable — a 
forms joint variation. ed aire aie Fy SOS” 


roe. 


} 
. 
= 


— 
Se 
“a >. 
> 
~ 
’ 
= 
id 
ry sb: 


é 
« 





el - 
Aen 






> K-Method, | anion ee ide eit | 
. . . fey 74 at Wa I wath) sh o {3 


If aic¢ 
» bd’ NWT, Steg Re WOES Sst 
v } vei? 1 ae 
k 


or a=bk and c=dk 
| MOST) DSTAY eR 






a ~~ = ae one. ee tale ae 
(b) If brd=fak , then ia bk, cmt ea OH 
Shy st ae ashy uO ies HAAR! 78 The ry 





LW) ae Waisgay  & 


Saxton hs ni fag 





Unit-4 


PARTIAL FRACTIONS 





In this unit, students will learn how to 


2a define proper, tmproper and rational fraction. 
2a resolve an algebraic fraction into partial fractions when its denominator | 
consists of 
non-repeated linear factors, 


repeated linear factors, 
non-repeated quadratic factors, 
repeated quadratic factors. 
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4.1. Fraction 


The quotient of two numbers or algebraic expressions is called a fraction. The 

uotient is indicated by a bar (—). W i aap 
q y "2 “ Re € a > dividend above the bar and the divisor 
y— 2 $84 fraction with x —2 #0. If x — 2 = 0, then the fraction 


is not defined because x — 2 = 0 = x = 2 which makes the denominator of the fraction zero. 
4.1.1 Rational Fraction 





below the bar. For example, 


An expression of the form Be , Where N(x) and D(x) are. polynomials in x with real 
coefficients and D(x) #0, is called a rational fraction. 
For example ed and ———— are rational fracti 
> (x+ 1)? (x +2) 7M (-1) 42) = 
41.2 Proper Fraction: 


A rational fraction ae , with D(x) # 0 is called a proper fraction if degree of the 
polynomial N(x) in the numerator is less than the degree of the polynomial D(x) in the 
denominator. F Py a fracti 

enominator. For example, 777; 44 and = 57 are proper ons. 
4.1.3 Improper Fraction: 
A rational fraction a , with D(x) # 0 is called an improper fraction if degree of 


the polynomial M(x) is greater or equal to the degree of the polynomial D(z). 
Sx __ 3x*+2 6x4 
CB x42? x24 7x4+12’? +1 
Every improper fraction can be reduced by division to the sum of a polynomial and a 
proper fraction. This means that if degree of the numerator is greater or equal to the degree of 
the denominator, then we can divide N(x) by D(x) obtaining a quotient polynomial Q(x) and a 
remainder polynomial R(x), whose degree is less than the degree of D(). 





are improper fractions. 








Thus an = Q(x) + ne , with D(x) #0. Where Q(x) is quotient polynomial and 
ae is a proper fraction. For example, x+ 7 is an improper fraction. 
“+1 \ g oe We aaa Ss 
rat (X-1)+ 747 bes an improper fraction are has been resolved to 
a quotient polynomial Q(x) =x — 1 and a proper fracti a1 


e—x2+ | ete ‘3 
Example 1: Resolve the fraction eoptsil into proper fraction. ; e “3 


Solution: Let N(x) =x? — x2 +x+ 1 and D@) =x? +5 . | 3 





Partial Fractions 76 





x= 1 
By long division, we have x24+5) x8—x24+ x41 
x? + 5x 
—x?—4x+1 
Fx 6 6F5 


—4x+6 
xe —x++x4+1 —4x +6 





Crs ot xe+5. 
Activity: Separate proper and i pe fractions 





xt+x+] 2x + x + x? : l 2x 
O2+2 Yes rer 2) di) Sa a) (x— 1)(x—2) 
Activity: poe the following improper ee into proper fractions. 
| ( ve —2x—1 6x3 + Sx? — 6 
. | ; aa 92 =x 1 | 
4.2 Resolution of Fraction into Partial Fractions 


—2 4 
-]'xd¢1’? x 2 of three fractions each of which is prefixed by a 


positive or ie sign. It is easy to find a single fraction, which is equal to the sum of 
these fractions. 
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Thus a sey she 
| x-l x+1 x” x(x — 1) («+1) 
x +x- 2 42x4+47-4 
x(x — 1) (x + 1) 


3x24 3x-4 
~ x (x—1)(x + 1) 


3x2 +3x—4 
The single fraction EES INeR I) is the simplified form of the given fractions and is 


known as eesultant fraction. The given fractions ~1°x =e i 


partial fractions. In this chapter, we shall be Ae a rational Bei (or resultant fraction) 
and required to find its partial fractions. 


4 
and ~ are called components or 


Every proper fraction ae , with D(x) # 0 can be resolved into an algebraic sum of 
partial fractions as follows: 
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4.2.1 Resolution of an algebraic fraction into partial fractions, when D(x) 
consists of non-repeated linear factors. 


Rule I: If linear factor (ax + b) occurs as a factor of D(x), then there is a partial fraction of | 


A . 
the form PEE Se where A is a constant to be found. 


N(x) 


In D(x) the polynomial D(x) may be written as, 


D(x) = (a,x + b;) (ax + bp) ..... (@,% + 6,) with all factors distinct. 
ye have A Ay A; A,, 
SESS DX) = ~ax+b, * axt+b, arth,” he aS Fb. 








where A, Aj ... A, are constants to be determined. The following examples illustrate _ 
how we can find these constants: 


Sx+4_.. ; 
Example 1: Resolve (x—4)(x +2) into partial fractions. 
: 5x+4 A B : 
Solution: Let GH ae dD Saat x+2 +2 | (i) 


Multiplying throughout by (x — 4) (x + 2), we get 


5x+4=A (x+2)+B(x-4) (ii) 
Equation (ii) is an identity, which holds good for all values of 3 x and hence for 
x=4 and x=-2. 


Put x-4=0 ie, x=4 (factor corresponding to A)-on both sides of the equation (ii), 
we get 5(4)+4=A(4+2) => | 
Put x+2=Oie,x=-2.- (factor <e to B), we get ) 

5(—2) + 4 = B(-2 — 4) oe | B= => [B=1] 


Aw 
Thus required partial fractions are atx42 










5x +4 4° 218 
(x—4)(x+2) x-4 +x+2 


* ‘ , a) 
This method is called the zéro’s method. This method i is especially useful’ with linear < Sai 
factors in the denominator D(x). . 2 ee | 
Identity: An identity is an equation, which is satisfied by all the values of ‘the variable :, ae 
involved. For example, 2(x+1)=2x+2 and im = 2x are identities, as these uations: 
are satisfied by all values of x. . nie Bh a = oe 


Hence, 











ma ey} 
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1 a ; 
Example 2: Resolve 377 5,2 ‘into partial fractions. 


1 : 
Solution: 27> _ 9,2 cam be written as for convenience 


Note: 





ies! 
2x2-x-2 
The denominator D (x) = 2x? — x — 3 = 2x? -—3x+2x-3 
=x (2x — 3) + 1 (2x —3) = (x + 1)(2x — 3) 
—] —] A B 
Let 2 —x-3 (x4 1)(2x—-3) x+1*2x-3 
Multiplying both the sides by (x + 1) (2x — 3), we get 
—1 =A (2x-—3)+Ba+1) 
Equating coefficients of x and constants on both sides, we get 


2A+B=0 (i) —3A+B=-1 (ii) 
Solving (i) and (ii), we get A = : and B = = 
] l 2 


Thus, 34 x—22 ~5(@+1)~ 5(2x—3) 


General method applicable to resolve all rational fractions of the form a is as 


follows: 

(i) The numerator N(x) must be of lower degree than the denominator D(x). 

(ii) If degree of N(x) is greater than the degree of D(x), then division is used and 

the remainder fraction R(x) can be broken into partial fractions. 

(tii) | Make substitution of constants accordingly. 

(iv) Multiply both the sides by L.C.M. 

(vy) Arrange the terms on both sides in descending order. 

(vi) _— Equate the coefficients of like powers of x on both sides, we get as many as 
' €quations as there are constants in assumption. 

(vit) Solving these equations, we can find the values of constants. 


EXERCISE 4.1 

Resolve into partial fractions. 

\ 7x—9 3 x-11 : 3x—1 

; (x + 1)(x—3) : (x — 4)(x + 3) om ; x2-—1 
4 SSS Site et pee E25" * 

: x +2x-—3 ; (x—1)(x +2) (x — 4)(x— 3) 
7 e+ 2x41 pe ocr = 7 

: (x — 2)(x + 3) 3x2 —2x—-1 
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4.2.2 Resolution of a fraction when D(x) consists of repeated linear factors. 


Rule I: If a linear factor (ax + b) occurs n times as a factor of D(x), then there are n partial 
fractions of the form. 


A; Ay A | 
(ax +b) * (ax+by2* + (ax re byt where A, A, -- » A, are constants and n =2isa 
positive integer. 
N fat oiies as SS A 
D(x) ~ (ax + b)* (ax+b)2* + (ax by 


The method of finding constants and resolving into partial fractions is explained by 
the following example. 





Example: Resolve into partial fractions. 


(x- re (x — 2) 
1. h= KAN BEB C 
(x= 1)2 (@-2) > x-1* @=1)2* x-2 
Multiplying both sides by (x — 1)* (x — 2), we get 
| = A(x— 1)(x-2) + B(x—2) + C(x— 1)? 
= A(x? — 3x + 2) + B(x — 2) + C(x#-—2x4+1)=1 (i) 
Since (i) is an identity and is true for all values of x 
Put x-1=0 or x=1in(i), we get 
BU-2)=1 => -B=1 or B=-l 
Put x-2=0 or x=2in(i), we get 
c(2-1)4=1 => Ce=l 
Equating coefficients of x2 on both the sides of (i) 
A+C=0 => A=-CsoA=-l 
Hence required partial fractions are 





Solution: Let, 








eerie at 
x-1 (x-1)?* @-2) 
Thus LS ae t -_" : 
> (-1)?(@-2) x+2 (-1) @-1) 
EXERCISE 4.2 

Resolve into partial fractions. | 3 | 
1 So ted 7 _x?+7x+11 3. Pie ot Joi tt 
"= 1)? @-2) "  @ +22 @+3) cares 
:  x* (x— 1) ; (3x + 2)(x + 1)? ' Ge Docrsy 
7, 3x2 + 15x + 16 9 | I 


@ +2) ((@#=Ne+)) 


1 
ae ee 2 Se a ee, et Pde 
a _ _— & 


aa 

- _— = . ee _ = ——— = . 

iets ere re nS 5 SS ARI ells dh 1g ps Sa 
- = ee meas Ser a+ a = = = 











4.2.3 Resolution of fraction when D(x) consists of non-repeated irreduciE 
quadratic factors. 
Rule I: If a quadratic factor (ax* + bx + c) with a # 0 occurs once as a factor of D(x), & 


partial fraction is of the form eae , Where A and B are constants to be found. 


ele) tet. | WAS 7 ; 
Example: Resolve @—3)@2+9) into partial fractions. 


lix+3 A Bx+C 
Solution: bet = 3) +9) 3) * x2 +9 
Multiplying both the sides by (x — 3) (x2 + 9) 
=> Lix+3 =A(x? + 9) + (Bx + C) (x-3) 
=>  Ilx+3=AG? +9) + B(x? -3x) + C(x-3) (i) 
Since (i) is an identity, we have on substituting x = 3 
33+3=A(9+9) => 18A=36 => A=2 
Comparing the coefficients of x2 and x on both the sides of (i), we get. 
A+B=0 => B=-2 
-3B+C=il => -3(-2)4+C=11 = C=5 


Therefore, the partial fractions are ats De eke 















x-3° x24+9 
llx4+3 sone | roet5 
a pa 3) +9) x-37 249 
EXERCISE 4.3 
Resolve into partial fractions, 
l, A heres Ty 3 
. ; (x? + 1)(x +3) _ (x + 1)(x? + 1) 
4, 5 tT 6 — soa 
: (x + 3)(x2 + 4) (x + 2)(x? + 4) 
7, x2 +1 


| ea Lo ara) TETRESE che) SO aRy 
ll tio lor ofa Re when ee) has repeated irreducible quadratic 


b eR ST | 
sche atl factor (at. + by ) +c) with a #0, occurs twice in the denominator, the 








meee ee 
- al A 
- * 
Ws 


Pa « 


(ax bee y+G Ee + bx +02 
si net ar nt nts A, ac ‘Gy anc Pi re fo ind ata way. zi 


‘ 
* 





st te y | 


ot 
@ 
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Example 1: Resolve ae into partial fractions. 


9 


Aes 7 ; 
Solution: TG2a yee is a proper fraction as degree of numerator is less than the degree of 
denominator. 
xw-—2x7-2 Ax+B Cx+D 
ae ae ~ x4] 24 12 
Multiplying both the sides by (x2 + 1)?, we have 
— 2x? -2=(Ax+B)(x*+1)+Cx+D | 








Let 


x9 — 2x* —-2=AQ3 + x) + Bx? +1) 4+Cx4+D | (i) 
Equating the coefficients of x, x*, x and constant on both the sides of (i). 
Coefficients of x3: A=] 
Coefficients of x?: B=-2 
Coefficients of x: A+C=0 => C=- 

Constants: B+D=-2 


D==-2 B= 252) =22742=01S. D=0 
Thus x3 — 2x*-2 ett +0 x= 2p 
+ (x2 + 1) ~ 3241 Fo +1)27 x241 (x44 1) 
Poe e into partial fractions. 
2Xx+1_ A Bx + CH Dx+E- 
(x—- DG? + 12 ~x-1* 241° G2 +1)? 
Multiplying both the sides by (x — 1)(@? + 1)? 7 
2x+1=A(x? + 1)? + (Bx + O—- DQ? +1)+@x+ HG- 1 (i) 
Now we use zeros’ method. Put x-— 1 =0 orx=1 in (1), we get 


3 
Z=A(1+1)? = A=Z 


‘Now writing terms of (i) in descending order. 

2x +1 =A(t + 2x2 + 1) + Bx — x? +x- 4 Cas x- Ne Dee x) + E(x-1) 
or 2x +1 =A (x442x241) + B (x4 — x3 + x2 - x) + C08 - x? +x- 1) + DQ? - x) + EG) 

Equating coefficients of x4, x3, x2, and x on both the sides. | 


—3 
Coefficients of x*: , A+B =) (> 8257 4 


Example 2: Resolve 








Solution: Assume that 


3 —3 
Coefficients of x°: -B+C=0 > C= 4 


ds 


Coefficients of x2; 2A+B-C+D=0 = Daz 


Coefficients of x: -B+C-D+E=2 


33454622 = E=2-5= 
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ae) | dy eat he ae 
nt oo tS CE aay 
Bammer +1 t241) 
2x+1 3(x+1) _(Gx-1) 
eee 1)(x2 + 1)2~ re 1) 4Q2+1) 2(2+1) 
| EXERCISE 4.4 
Resolve into partial fractions. 
Sa 9 Mt34xt 
I. @+4p - @+ D+)? 
fg ae inhi 7s heen ce 
a (x + 1)? + 1)? "  (x- 1G? +1)? 
—— tie lg a 
- . G24 27 - +1) 
_ MISCELLANEOUS EXERCISE - 4 
1. Multiple Choice Questions 
Four possible answers are given for the following questions. Tick (“) the correct 
answer. 
(i) The identity (5x + 4)? = 25x* + 40x + 16 is true for 
(a) one value of x (b) two values of x 
(c) all valuesofx (d) none of these 
(ii) A function of the form f @) = ae with D(x) # 0, where N(x) and D(x) are 
polynomials in x is called 
(a) _— an identity By (d) an equation . 
(c) . a fraction (dq) _ none of these 
(ii) _‘ A fraction in which the degree of the numerator is Greater or equal to the degree of 
denominator is called 
(a) . aproper fraction (b)  animproper fraction 
(c)  anequation — (d) algebraic relation 
(iy) A fraction in which the: degree of numerator is less than the degree of the 
_ denominator is called | 
(a) an equation . (b) - animproper fraction 
(c) an identity a (d) a proper fraction 
(y) 2x +1 is : 
—&+DE-)) 
(a) animproperfraction  _-« (b)_~—= an equation 


(©) a proper fraction (d) none of these _ 
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(vi) (x+3)*=x*+6x4+9is 


(a) a linear equation (bd) an equation 
(c) an identity | (d) none of these 
b +1, 
vi) @—D@+2)5 
~ (a) a proper fraction (b) an improper fraction 
(c) an identity ‘(d).  aconstant term 


Ss : __x=2 | 
(viii) Partial fractions of — 1x42) 2 of the form 



































(a) 4 (5) aa Best 

(c) SoS . (@) Ar+B , Co a ii 
(ix) Partial fractions of <2 py ae of the form | | 

0 Asks sarees | 

o: Sa Oi osetia I 
(x) Partial fractions of ae Delp mort the form | 

Miers Oar ean | 

Ore @® Gente | 


2. Write short answers of the following questions. 
(1) Define a rational fraction. 
(ii) What is a proper fraction? - 
(iii) | What is an improper fraction? 
(iv) | What are partial fractions? 





tS cae _  x-2 
(v) | Howcan we make partial fractions of @+2)@43)- 





(vi) Resolve 5 = into partial fractions. 


3 : 
(x+1)(x-1)°° 
into pl fractions. 


(vil) Find partial fractions of 





(viii) Resolve. Ge ip 


(ix) | How we can make the partial fractions ieeery 
(x) Whether (x +3)? = x? + 6x +9 is an identity? | ‘ 
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SUMMARY 
A fraction is an indicated quotient of two numbers or algebraic expressions. 
An expression of the form a , with D(x) # 0 and N(x) and D(x) are polynomials in 


x with real coefficients, is called a rational fraction. Every fractional expression can 
be expressed as a quotient of two polynomials. 


& A rational fraction Be , with D(x) + 0 is called a proper fraction if degree of the 


polynomial N(x), in the numerator is less than the degree of the polynomial D(x), in 
the denominator. 


> : A rational fraction a , with D(x) # 0 is called an improper fraction if degree of 
the polynomial N(x) is greater or equal to the degree of the polynomial D(x). 
> Partial fractions: Decomposition of resultant fraction eo , with D(x) # 0, when 


(a) D(x) consists of non-repeated linear factors. 

(b) D(x) consists of repeated linear factors. 

(c) D(x) consists of non-repeated irreducible quadratic factors. 
(d) D{x) consists of repeated irreducible quadratic factors. 








In this unit, students will learn how to 


sets 
recall the sets denoted by N, W, Z, E, O, P and Q. 
recognize operation on Sets ( U, Van \\Won) 
perform operations on sets union, intersection, difference, complement. 
. give formal proofs of the following fundamental properties of union and 
intersection of two or three sets. 
© commutative property of union, 
commutative property of intersection, 
associative property of union, 
associative property of intersection, 
distributive property of union over intersection, . 
distributive property of intersection over union, 
De Morgan’s laws.. 
verify the fundamental properties for given sets. 
use Venn diagram to represent 
e union and intersection of sets, 
e complement of a set. 
use Venn diagram to verify 
e commutative law for union and intersection of sets, 
e De Morgan’s laws, 
e associative laws, 
e distributive laws. 
recognize ordered pairs and cartesian product. 
define binary relation and identify its domain and range. 
define function and identify its domain, co-domain and d napge: 
demonstrate the following 
into function, 
one-one function, 
into and one-one function (injective function), 
onto function (surjective function), 
one-one and onto function (bijective funcaon): 
. examine whether a given relation is a function or not. | 
differentiate between one-one correspondence and one-one function. 
include sufficient exercises to classify/differentiate berwert the above 


_ concepts. 
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5.1 SETS 
A set is a well-defined collection of objects and it is denoted by capital letters A, B, C 
etc. 
5.1.1(i)Some Important Sets: 

In set theory, we usually deal with the following sets of numbers denoted by standard 
symbols: | . 
N = The set of natural numbers = {1, 2, 3, 4, -:-} 

W = The set of whole numbers = {0, 1, 2, 3, 4, ---} . 

Z = The set of all integers = {0, +1, +2, +3, ---} 

E = The set of all even integers = {0,+2,+4,---} - 

O = The set of all odd integers = {+1, +3, +5, ---} 

P= The set of prime numbers = {2, 3, 5, 7, 11, 13, 17, ---} 





Q = The set of all rational numbers = (xlx="", where m,n € Z and n #0} 


QO’ = The set of all irrational numbers ={xlx#™, where m,n Zandn+0} . 


R = The set of all real numbers = Q U.Q’. 
5.1.1(ii) Recognize operations on sets (U, -A, \- 5) 
(a) Union of sets _. 


The union of two sets A and B written as AU B (read as A union B) is the set 
‘consisting of all the elements which are either in A or in B or in both. Thus 


AUB= {xlxe Aorxe Borxe A and B both}. 
For example, if A = ema ee cone BS (1, 2.3:4.5. 6,7) 
(b) Intersection of sets 


The intersection of two sets A and B, written as A :B (oui as ‘A intersection B ) is 
the set consisting of all the common elements of A and B. Thus 


AQ B={xxe Aandxe B}. 

Clearlyxe AN B=>xeAandxe B 

For example, if A = {a, b, c, d} and B= {c, d, e, f}, then 

 ANB={e,d} | 
(c) Difference of sets 
TE Avena Piaf taro schaathen dhescdiffercaceyA ~ B or A \B is defined as: 
A-—B={xixe Aandx¢ B} 

Similarly B-A={xxe Bandx¢ A}. 

For example, if A = {1, 2, 3, 4, 5} and B = {2, 4, 5, 6, 8}, then 
AgB= {1, 2, 3, 4, 5} - — {2, 4, 5, 6, 8} = {1, 3} 

_ Also - B-A= ETI E2235} {6, 8}. 
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(d) Complement of a set 


| If U is a universal set and A is a subset of U, then the complement of A is the set of 
those elements of U, which are not contained in A and is denoted byA’orA®. — 


A*=U-A={xlxe Uandx¢ A}. - 
For example, if U = {1, 2, 3, ..., 10} and A = {2, 4, 6, 8}, then 
eee sg 
= {1, 2, 3, ..., 10} — {2, 4, 6, 8} 
=:11,3;5, 729510)5 


































5.1.1(iii) Perform operations on sets: ns a ee eure 
Example: If U = {1, 2, 3, .... 10}, A = (2,3, 5, 7},B=(3, 5; 8) then o00 J a 
find (i) AUB (ii) AQB (ii) A-B Aner 
(iv) A “and B’ | Wu Sse LS eee ot 
Solution: (i) AU B= {2, 3, 5, 7} U {3, 5, 8} ae aa" ri é : , 
= {2, 3, 5,7, 8} | : | tS 
(ii) A A B = (2, 3,5, 7} 2 (3, 5, 8} | Lia, = Se 
= {3,5} KW Dow t _ . 
(iii) A\B = {2, 3, 5, 7}'\ (3, 5, 8} Sat sends f 
= (257) | 3p eS oe 
(iv) A’= U—A= {], 2, 3,..., 10} — {2, 3, 5,7} © 7 
= {1, 4, 6, 8, 9, 10} ae Wy stag lle ‘ey 
B’=U-B=({I,2, 3,..., 10} — {3, 5,8} _ TF oe ee a es 


= (42,4, 6,7,9410) h-8 U hems ja Scene a) 


Sn DASE Ww Frade oats pablo s o = | M se 
EXERCISES.1 0 



















1 «If X={1,4,7,9} and Y= (2,4,5,9} | Linke ee ee ae | 
Then find: Ao x bag 82 o oe ae a: 
MG). exXUY 0) 2 Xa ex, ee, i 
(iii) YUX * (iv) Yous: RABE 
2. ‘If. X= Set of prime numbers less than or equ al to17 ds. oe 
pats Ts and. Y= Set of first 12 natural numbers, then find the fo Howie, 7%. boss % 
| (i) eRe EX Y. (il) BY, UX Gi) = VY pea eo | 
| 3 fxX=¢ Y=Z, T= 0',then © a3 ug oa ees be | 
Sap xa find: (i) XuY Gi) XO ae a ae ~ YuT 
Des a) XY Qa iam wy Yar 
mitts 66 MLS {xlxeN Ke <xS25 Ne Aart (ah prime A 8 <x < 25} 


fs 


te. ey 
and = Y= (xlxe Wards: SI iy. wish 
? a ‘ ‘ i ae 
Bees he 
oo z A iy wTKS zs 
=: 





= * 
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Find the value of: 
(i) (XU Y)’ (ii) aD of 
(iii) (XA YY (iv) xuyY 
5. If X= {2, 4, 6, ---, 20} and Y = {4, 8, 12, -:-, 24}, 
then find the following: 
(i) xX-Y (ii) Y-X 
6. If A= WN and B= W, 
then find the value of — | 
eGieeA—B (ii) B-A 


5,.1.2(iv) Properties of Union and Intersection: 
(a) Commutative property of union. 
/ For any two sets A and B, prove thatA UB=BUA. 


Proof: a 
Let xE AUB | 
=> .x€A or xEB | (by definition of union of sets) 
=> xE€B or xeEA : 
= xE BUA 
= AUB CGCBUA (i) 
Now letye BUA : 
= yeB or yeEA (by definition of union of sets) 
= yeA or yeB 
=> yeEAUB 
= BUAGAUB (ii) 
From (i) and (ii), we have AU B=B UA. (by definition of equal sets) 


(b) Commutative property of intersection 
For any two sets A and B, prove thatA 7 B=B OA 
Proof: Let xE ANB 
a xe A and xe B. dy definition of intersection of sets) 
=> xe Band xe A | 
> xE BNA . , 
AQBCBOA - ; (i) 


Now letye BOA | | 
= | ye BandyeaA (by definition of intersection of sets) 


> yeAandyeB. 

=> yE ANB Bs 

Therefore, BOACANB (ii) . 

From Gand (i), we mare, 6. ANB= BOA. (by definition of equal sets) 
ve property of 

__ For any thee ss oe rer eee AUBUO 


. manana PESRP) 





© 











ye Aorye BNC 
1S Ayo 
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Proof: Let xE(AUB)UC 
= x€ (AUB) or xeC 
=: xeAorxeBorxecC 
=> xE€A or xe BUC | : 
=> xEAU(BUC) it : 
= (AUB)UCCAU(BUC) (1) ee 
Similarly AU(BUC)C(AUB)UC (ii) 
From (i) and (ii), we have © 
(AAUB)UC=AU(BUCQ) 
(d) Associative property of intersection 
For any three sets A, B and C, prove that (AB) A.C = AME Bes | 
Proof: Lett xe (ANB)AC j 
a xé (ANB) and xe C 
=> (xe A and xe B) and xeC ot: 3 a3 q 
=> xeA and (xe BandeQ) ~ Tee } 
=> xe A and xe BNC bi33 : "i 
=>" xEeAN(BaAG | | | 
% (ANB)AC c AN(BAC) @)_ Hy 
Similaly  AN(ACQ ¢  (NB)AC di) | 
From (i) and (ii), we have | a 
(ANB) ANC=AN(BNC) | ea? Ae 
(e) Distributive property of union over intersection : ie i 
For any three sets A, B and C, prove that A U (BO ©) = (A UB)A(AUO " an 
Proof: Let xe AU(BNC) 7 | ah al ae | 4 
=> xEeAorxEe BNC | iar oe | 
=> xe A or (xe B and xe C) Ao wal eee = < iia 
=> (ce A or xe B)and(xe A or xe C) eg Dh mel cat eet ft 
=> xeEAUBandxeAUC BN iar. Be 8 1k 
= xE(AUB)NAVUC) | BUR SE : ae aie “pele | 
Therefore - AU CN SO aa “Eh s¥ i Wow Mae a be | Ts) | 
| absent AUB)AAYUO ~ ae ee = ong . See | 
ye (AUB)andye (AUC) © 3, oh dbs niin 2 ithe | eta a 
(ye Aorye Band Arye ©) a ee 
ye Aor(ye Bandye C) oy pee! 
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(f) _ Distributive property of intersection over union | 
For any three sets A, B and C, prove thatA N(BWC) = (ANB)U(ANC) 
Proof: Let xEAN(BUC) 


= xe€A and xe Buc 

— xeéA and (xe B or xEC) 

=> (xe€A and xe B) or (xe A and xe C) 

=> | (@eEeANB) or (xe ANC) 

= xE(ANB)U(ANC) 
ANBUO) ¢ ANB)UANO (i) 

Similarly (ANB)UANC ¢AN(BUC) (11) 


From (i) and Gi), we have AN (BUC) = (AN B)U(ANC) 
(g) De-Morgan’s laws 
For any two sets A and B 
(i) (AUB) =A°AB (ii) (ANB) =A’ UB’ 
Proof; Let xe (AUB) 
x€AUB- (by definition of complement of set) 
x€A and x¢éB 
xe€A’ and xeB 4 
xE ANE (by definition of intersection of sets) 
(AUBY GC A’ONB (i) 
Similariy A'OB c (AUBY , ; (ii) 
Using (i) and (ii), we have (A U B)’ = =A’ OB 
xe (AN BY 
x€ANB 
x¢Aorx¢éB 
xe A’ or xe B’ 
xe A°UB’ ; 
(Am BY CA’°UB’ : (i) 
ye A*UB* 3 
ye A’ or ye B’ 
yé Aor ye B 
YEANB - 
ye (ANBY . 
A’U B/C (ANB)' | (i) 
From (i) and (i1), we have proved that | 
(A MB) =A°UB 


a 


Ey Vel 


(ui) 


poe er retiig 
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Nhe cate ly 
EXERCISE 5.2 | 
















Sh If U= {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} 
A=({1,3,5,7,9}, ‘B= {2,3,5,7), 
then verify the De-Morgan's Laws 
Le, (ANBY =A’UB and (AUB) =A’AB’ 
4a If U ={1,2,3,--+,20}, X = {1,3,7,9, 15, 18, 20} 
and Y = {1,3,5, --:, 17}, then show that 
Gi) X-Y=Xny | (ii) Y-X=YAX ° 
5.1.2(v) Verify the fundamental properties for given sets: 
(a) Aand Bare any two subsets of U, then A UB =B UA (commutative law). 
For example A = {1, 3, 5, 7} and B= {2, 3, 5, 7} 
then AUB=({I1,3,5,7} U{2,3)5,7)= = (1,2,3.5,7) 
and BUA= (23,5, 7}U 1355.7) mie rea 
Hence, verified thatA UU B=BUA. 
(b) Commuiative property of intersection 
For example A = {1, 3, 5, 7} and B=[2, 3,5» 7J 
Then AQB=({1,3, 5,7} 0 {251% 1) = 
| ee 3, 5,7) = (3,57 
and BoA= {2,3,5,7} 001 


j 

1. if = X ={1,3,5,7,---, 19}, ¥={0,2,4,6,8, ---, 20} 
and = Z= (2, 3, 5,7, 11, 13, 17, 19, 23}, 

then find the following: } 

i) xXuYuy (ji). (XUY)UZ 

(ii) XA(YAD iv) (KAY)nz~ ; 

(v) XU(YNZ) (vi) XUY)AKUZ) 

(vil) | XA(Y WZ ihe (vill) (XNY)UKNZ) ; 

2 If A={1,2,3,4,5,6}, B = {2,4,6,8}, C={1, 4:8}. 
| Prove the following identities: | | 
i) AAB=BOA (Gi) AUB=BUA | 

ii) AN(BUQ=(NB)UANO | 

(iv) AU(BNQ)=AUB)NAUO 


{3, 5, 7}. 


Hence, verified thatA NB=BOA. pusenyee , | 

-(c) If A, B and C are the subsets of U, then then (AU } 
i ; ! —= 4, 6 SM ea 

ee law) A a (hod 8}; B = (28 ) aay 


and c = (3,49: g 
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then L.H.S =(AUBUC 
| = ({1, 2, 4, 8} U {2, 4, 6}) U (3, 4, 5, 6} 
= {1, 2, 4, 6, 8} U {3, 4, 5, 6} 
= {1,2,3,4,5, 6, 8} 
and R.HLS. = AU(BUC) 
: | = {1,2,4,8} U({2, 4, 6} U (3, 4, 5, 6}) 
= {], 2,4, 8} u (2, 3, 4, 5, 6} 
= {1, 2,3, 4, 5, 6, 8} 
LHS. =R.HS. | 
Hence, union of sets is associative. | 
(d) If A, B and C are the subsets of U, then (A 1 B) NC=AN (BNC) 


(Associative Law). 
Suppose A = {1,2,4,8}; B = {2,4, 6} and C = {3, 4, 5, 6} 
then L.H.S. = (AN B)QNC 


= ({1, 2, 4, 8} m {2, 4, 6}) 7 {3, 4, 5, 6} 
= {2,4} 7 {3, 4, 5, 6} = {4} 
and RAS. = AN(BOC) ) 
= {1, 2,4, 8} m ({2, 4, 6} - {3, 4, 5, 6}) 
= {1,2,4,8} 7 {4,6} = {4} 
L.H.S. = R.HLS. - 
Hence, intersection of sets is associative. 
Distributive laws 
(e) Union is distributive over intersection of sets’ 
If A, B and C are the subsets of universal set U, then AU(B 4 C) = (A UB)MV(AU C). 
Solution: Suppose A = {1, 2, 4, 8}, B='{2, 4, 6} and C= Aas 4,5, 6} 
then L.H.S =AU(BNC) 
= {1, 2, 4, 8} U({2, 4, 6} A (3, 4, 5, 6}) 
= {1, 2, 4, 8} U {4, 6} = {1, 2, 4, 6, 8} 
and RHS=AUB)N@UOQ 
=({1, 2, 4, 8} U (2, 4, 6})) N({1, 2, 4, 8) U (3, 4,5, 6}) 
=f, 24,6, 8) (1, Bee O: 8) 
~. #{1,2,4,6, 8) , 
‘LHS=RHS 





aaa 
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(f ) Intersection is distributive over union of sets ; 
To proveA N(BUC)=(ANB)U(ANC) f 
Suppose A = {I,2,3,4,5, +, 20} 
B = {5, 10, 15, 20, 25, 30} 
C = {3,9, 15, 21, 27, 33} } 
LHS. =A0GUo t 


= {1, 2, 3, 4,5, ---, 20} A({5, 10, 15, 20, 25, 30} U {3, 9, 15, 21, 27, 33}) 
= {1,2,3,4,5, -- 20) M {3, 5, 9, 10, 15, 20, 21, 25, 27, 30, 33} 
= {3, 5,9, 10, 15, 20} 
R.H.S.= (ANB)U(ANG 
= ({1, 2,3, 4, ---, 20} m {5, 10, 15, 20, 25, 30}) 
U ({1, 2, 3, 4, 5, «+, 20} m {3, 9, 15, 21, 27, 33}) 
= {5, 10, 15, 20} U {3, 9, 15} = {3, 5, 9, 10, 15, 20} 


es oo ee = 


. oe eS eS ee A a a tn pe 


L.H.S. = R.H.S. 
(g) De Morgan's Laws (4 7 B)’ = A’ UB’ and (AUB) =A’ NB 
Suppose U = {1, 2, 3, 4, ---, 10} 


A = {2,4,6, 8,10} = A’= {1, 3,5, 7, 9} 
= {1,2,3,4, 5,6} => B’={7, 8, 9, 10} 
Now consider ANB. = {2,4,6,8, 10} 7 {1, 2, 3, 4, 5, 6}- 
{2, 4, 6} 


Then | LHS-= as) = UG 
= {1,2,3,4, +++, 10} = {2, 4, 6} 
= {1,3,5,7, 8, 9, 10} 
and R.H.S. = A’UB’ 
= {1,3,5,7, 9} U(7, 8, 9, 10) 
= {1,3, 5,7, 8, 9, 10} 
L.H.S. = R.H.S 
(AU BY =A’ OB’ 
Suppose U = {1, 2,3, 4, ++, 10} 


A= {2, 4, 6, 8, 10} = Ao= (1535; 01 lp o) 
B={1,2,3,4,5,6} = B’={7, 8, 9, 10} 
Now considerAUB = {2,4,6, 8, 10} U {1, 2, 3, 4, ‘S= 6} 
= {1,2,3, 4, 5, 6, 8, 10} : 
LHS, =(AUB)’= U-G@UB) ; 
= {1, 2,3, 4, nll (1,2.3,4 5.6.8 10 
= (7,9) ce 
and R.H.S =A’q B= (1 3,5,7,9) (789, 10) th kt GS 
= {7,9} 
L.H.S. = R.HS. 
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5.1.3 VENN DIAGRAM 


British mathematician John Venn (1834 — 1923) introduced rectangle for a universal set U 
and its subsets A and B as closed figures inside this rectangle. 

5.1.3(vi) Use Venn diagrams to represent: 

(a) Union and intersection of sets 








_ Disjoint sets Overlapping sets AcB 
U | ' U 
| @ @ 
Fig.1 li Fig. 3 


ANB 





Fig. 4 Fig. 5 Fig. 6 
(Regions shown by horizontal line segments in figures 1 to 6.) 
(b) . Complement of a set 
U —A=A’‘is shown by horizontal line segments. 





5.1.3 (vii) Use Venn diagram to verify: 
(a) Commutative law for union and intersection of sets 


AUB 





A U Bis shown by horizontal line B UA is shown by vertical line 
segments. | segments, 
The regions shown in both cases are equal. Thus AU B= B U A. 





- 

* 
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A 7 Bis shown by horizontal line segments. B OA ts shownby vertical line segments. 
The regions shown-in both cases are equal. ThusAQN B=BOA. 
(b) De Morgan’s laws 
(i) (A U BY =A‘ B* (ii) (AM BY’ =A“U B’ : 
(i) (A U BY =A‘N B’ | f 


cA 
ie 
Hil 























/ 
/ 
















































ce 
M0: 


Fig. 3: A’7) B’is shown by squares —~ Fig. 4: (AU 8B) is shown by slanting line 
- segments 





Regions shown in Fig. 3 and Fig. 4 are equal. 
Thus (A U B)’ =A’ B’ 
(11) (A 1 BY =A’UB’ 








EF PSSSeSeee ee eeeeeeseeeeeeet 
TP TTTITTIri itr irre a 
TOT rrr rrr 
SESS eee eee 8eeeee 
feeeeer Sl ce. Ss 8 
coum, P< $< eh 

A'UOB' tHHIL ( -—4 AQ BY 
TT EEE HAE AM 4 
Feoeh Nt 
Titty} AK ae : : 
TTT Ti TTT reer 
TrITITIfCiriii it ttre 
Tiiitt BOSSeeeeeeeeeeees 
SEEEEEEEE EE HELE EE EEE EEE 


Fig. 5: A’U B “is shown by squares, horizontal Fig. 6: U—(AB)=(4 9B)’ is shown by — 
| and vertical line segments. | shading. 





—— 7" 





* @) 


ep 
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Regions shown in Fig. 5 and Fig. 6 are equal. 


Thus (AM B)=A’°U B’ 
(c) Associative law: 





Fig. 1 
(A UB) U Cis shown 
in the above figure. 


a 
B 
Pri tr = 
Tra rrr) 
a5. -eoeeeeen 
Sane8508 


ee 


Fig. 2 
AU (BU C) is shown 
in the above figure. 


Regions shown in fig, 1 and fig. 2 by different ways are equal. 


/ Thus (A UB) UC =AU(BUC) 





Fig. 3 
(A MB) A Cis shown in figure 3 by double 
crossing line segments 
Regions shown in Fig. 3 and fig. 4 are equal. 
Thus (ANB)AC=AN(BANO _~ 






_ Fig. 1:4 u (B.C) is shown by horizontal 





. -* he | os 
tw eS 


LE - PESRP. 


——_- 












<= 


, Fig. 4 
A (BOC) is shown in figure 4 by double 
crossing line segments 








fais Fig. 2: A U Bis shown by horizontal line 


segments in the above figure. . 
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'® 


ui 


Fig. 3: A U C is shown by vertical liné Fig. 4: (A U B) A (A UC) is shown by 
segments in Fig. 3. double crossing line segments in Fig. 4. 


Regions shown in Fig. | and Fig. 4 are equal. 
Thus AU(BNQC)=(AUB)N(AVUOC) 


“ah 


Fig. 5: B U C is shown by vertical line 
segments in Fig. 5. 


} 
Mii 


ee a oe ee 





_ . Ss 2a TP sss 





tt 





Fig. 6: A 0 (BU C) is shown in Fig. 6 by 
vertical line segments. 





Fig. 7: (A 0 B) U (AN ©) is shown in 
Fig. 7 by slanting line segments. 
Regions displayed in Fig. 6 and Fig. 7 are equal. 


Thus AN(BUC)=(ANB)UANC) 





U2 ee | 
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EXERCISE 5.3 
Lj; ff U-= Fea 10} 


then verify the following questions. 


(i) A-B=ANB’ Gi) B-A = BNA’ 
Gi) (AUBY =A’OB’ (iv) (ANBY =A’UB 
(vy) (A-B) =A’UB (vi) (B-A)Y = BUA 


2. If U = {1. 2,3, 4, ---, 10} 
A’= {1,3,5, 7,9}; B ={1; 4,7, 10}; °C = {1,5, 8, 10} 
then verify the following: 
(i) (AUB)UC=AU(BUC) 
(11) (AN B)AC =AN(BONC 
Gi) AU(BANC) = (AUBNAVUO 
(iv) AA(BUC) =(ANBUANYD 
3. If U=N; ‘then verify De-Morgan's laws by using A = gand B = P. 
4. If U = {1, 2, 3, 4, ---, 10}, A = {1,3,5,7,9} and B = {2, 3, 4,5, 8}, then prove 
the following questions by Venn diagram: 


(i) A-B=ANB Gi) B-A = BANA’ 
Gi) (AUB) =A AB (iv) (AM ie =A’ UB . 
(v) (A—-BY =A’UB (vi) (B-AY = BUA 
9.1.4 (viii) Ordered pairs and Cartesian product: 
5.1.4(a) Ordered pairs: 


Any two numbers x and y, written in the form (x, y) is called an ordered pair. In an 
ordered pair (x, y), the order of numbers is important, that is, x is the first co-ordinate and y is 
the second co-ordinate. For example, (3, 2) is different from (2, 3). 

_ Itis 0S unless x = y. 





Rd(h)\Gahaiaa ecaduct : 
Cartesian product of two non-empty sets A and B denoted by A x B consists of all 
ordered pairs (x, y) such that x € A and ye B. 
Example: If A= {1, 2,3} and B= {2, 5}, then find A x B and BX A. 
. Solution: A x B= {(1, 2), (1, 5), (2, 2), (2, 5), (3, 2), G, 5)} 
Since set A has 3 elements and set B has 2 elements. 
Hence product set A x B has 3 x 2 = 6 ordered pairs. 
‘We note that BxA = {(2, 1), (2, 2), (2, 3), G, 1), GS, 2), (5, 3)} 
Evidently AX B # BXA. 





TF 
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EXERCISE 5.4 

it If A= {a,b} and B= {c, d}, then find A x B and BX A. 
2. If A = {0,2,4}, B = {—1, 3}, then findAxB,BxA,AXA,BxXxB 
3. Find a and-b, if 

(i) (a—4,b-2) = (2,1) (ii) (2a+ 5,3) = (7,b-—4) 

(iii) (3-—2a,b-1) = (a-7, 2b+5) | 
4, Find the sets X and Y, if X x Y= {(a, a), (B, a), (c, a), (d, a)} 
5) If X = {a,b,c} and Y= {d, e}, then find the number of elements in 

(i) X xY (ii) Geer OCA! (iii) XxX 
9-2 Binary relation 

If A and B are any two non-empty sets, then a subset R ¢-A x B is called binary 
relation from set A into set B, because there exists some relationship between first and 
second element of each ordered pair in R. 

Domain of relation denoted by Dom R is the set consisting of all the first elements 
of each ordered pair in the relation: 


Range of relation denoted by Rang R is the set consisting of all the second elements 
of each ordered pair in the relation. 


Example 1: Suppose A = (2, 3,4, 5} and B= {2, 4, 6, 8}. 

Form a relation R: A > B= {x Ry such that y = 2x forxe€ A, ye B} 
=> R= {(2, 4), (3, 6), (4, 8)} 
Dom R = {2, 3,4} c A and Rang R= (4, 6, 8} CB. 

Example 2: Suppose A = {1, 2, 3, 4} and B= {1, 2, 3, 5} | 
Form sitter R:A73B = {xRysuch that x + y= 6 forx€ A, y © B} 
=, = {(1, 5), (3, 3), 4, 2)} | .. | 

Saad {1,3,4} cA and Rang R= {2, 3, 5} SB 

5.3. Function or Mapping: 

5.3. (i) Suppose A and B are two non-empty sets, then relation f : A > Bis called a function 

if (i) Dom f= A (ii) every x € A appears in one and only one ordered pair in - 

Alternate Definition: 


Suppose A and B are two non-empty. sets, then relation f : A — Bis called a function 


if (i) Dom f=A (ii) V x € A we can associate some unique image element y=/{x)¢€ 8. 


Domain, Co-domain and Range of Function: 


If f: A > B is a function, then/Acis:calledithe domain off and Bis called the 
co-domain of 7. 

Domain f is the set consisting of all first elements of each ordered pair inf and range 
fis the set consisting of all second elements of each ordered pair in f- 











Example: Suppose A= {0, 1,2, 3} and pees 2, 3, 4, 5} 
-Define a function f: A > B | 


f={@ y)ly=x+1VxeA RieB} 

f = {@, 1), C1, 2), (2, 3), (3, 4)} c= 
Dom f ={0,1,2,3}=A 

Rang f=(1,2,3,4} CB. a 








| Set A Set B 
& : The following are the examples of relations but not functions. 
| | | ~ estates, a function, because an element a€ A has two images in set B 
! 7s and his not a function because an element d € A has no image in set B. 
is 4 


Dp rare 2 Pe -¢ ' J 
- 

















nction f 
ee pod t least one element in B is 
ENO Ce INGE set A he, 


. as ae gent function 

> Bs su aoe am RPA aS yiiey hits on 

pie 1,2, B)AGi2)) ie reste | 

1, 2,3 ee [ipecteatiorso Set A Set B 
hi i a \. tes: 


econet PLES ] : Pe aru . 





eg ~Ub i on: 
A fi ion f : / A > B ere 


inct im: ages in B, i. C2, fQ x1) = fltrz) eto ee mc A => fixi) # fra) 
ephea hte: 
He: 6 Sao> 


hf a 


pel 


uo we func! 


athe 


one function, if all distinct elements of A faye 


tern ne 





‘Then f= {(1, 2), (2, 3), (3,4), 4, 5)} 
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For ame if A = {0,. 1,-2.3} 
and B= {1, 2, 3, 4, 5}, then we define a 
function f: A > B such that 


f=a{awly=x+lVxeA,ve B}. 
= {(0, 1,), (1, 2), (2, 3), 3, 4)) 
fis one-one function. 


Set A Set B 
(c) Into and one-one function: (injective function) 

The function f discussed in (b) is also an into function. Thus fis an into and one-one 
function. ; 

(d) An onto or surjective function: 

A function f: A — B is called an 
onto function, if every element of set B 
is an image of at least one element of set 2 
A i.e., Range of f= B. 

For example, if A = {0, 1, 2, 3} 
and B = {1, 2, 3}, then f: A — B such 
that f = {(0, 1), (1, 2), (2, 3), G, 2)}. 
Here Rang f= {1, 2,3} =B. ! 

Thus f so defined is an onto H 
function. y . SetA 
(e) Bijective function or one to one correspondence; 

A function f : A — B is called f 
bijective function iff function f is one- 
one and onto. 

For example, if A = {1, 2, 3, 4} 
and:B = {2, 3, 4, 5} | 

We define a function f;A > B 
such that 


f= {(x, y)ly=xt+1,Vxe A, y€ B} 


eh 





Evidently this function is one-one because distinct elements of A have distinct 
images in B. This is an onto Boone also because every element of B is the image of atleast | 
one element of A. 

Note: (1) Every function is a relation but converse may not be true. 
(2) Every function may not be one-one. 
(3) ~— Every function r may not be onto. 










. ESlisit 


€ ts and | i ‘Fur oti iS. . 
























ea Example: Suppose. A = (1,2, 3} | 
aa B = {1,2,3,4,5, 6} 
fh : SWe define a function f: AB = {@,yly= Ox, VxeA,ye B} 
my fj | Then f={(, 2), 2, 4), B, 6} 
Awa ___ Evidently this function is one-one but not an onto. 
4 eae r sae wy + 
\ : 
| fs 
| ssa bys 03D 
\ 
/ 
: 
5.3(iii) ecanine Ghethier’a a given relation is a function: 
ee | __ A relation in which each x € its domain, has a unique image in its range, is a 
ag ie moe mann of ffis is A and its range is contained in B. 
gilt n | One-to-one correspondence between two sets A and B, each element of either set is 
net Lath exactly one element of the other set. If the sets A and B are finite, then these 
hz ue es same number of elements, that is, n(A) = n(B). 
| sae a _ EXERCISE 5.5 


c},M h A = 4), Wpoaind two binary relations of L x M and Mi XL. 


ii) L (ii) Mx M- 
; | 1 ie number of binary relations in M. 


‘ow aS AE raids = {y lye Ri A bes 10}; then make the following 
T PDE a 4 f res 3 as ies Ey Jers 


Se Wrap CES 0 og ale Ea ) OR = {(x,y)ly=x} 
~ (iil) B= a sy Ix+y=¢ j or ech oe me) Uy x=2} 


; Pi wor) Pee STL bind ry The 
4 ant AAP 1 4 : * t-te 5 ‘had a i r~ oe 
45 Also write oak ath coer vaaanaes =) bere ht tion. 


j ie BLE ae oor. 
Me tion, 0 re ie in | psi? fincdon, and bijective 
Kc mi r domai n and the range. In each part from 
oe 


—_ 


; ane re + 
on ie meric ect a So Se ee 
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(i) R; = {(1, 1), (2, 2), G, 3), 4, 9} 
Gi)  R2 = {(1, 2), (2, 1), G, 4), G, 5)) 


(iii) R; = {(b, a), (c, a), (d, a)} 

(iv) Ry, = {(1, 1), (2, 3), G, 4), , 3), G, 9} 

(v) Rs = {(a, b), (0, a), (c, d), (d, e)} 

(vi) Rg = {(1, 2); (2, 3), (1, 3), (3, 4)} 
Se | 

(viii) R,= i <a 


MISCELLANEOUS EXERCISE - 5 
1, Multiple Choice Questions 
Four possible answers are given for the following questions: Tick mark (v) the 
correct answer. 
(i) A collection of well-defined objects is called 


(a) subset (b) power set 
(c) set (d) none of these 


(ii) A set QO = ¢ la, be Z'n b#0} is called a set of 


(a) Whole numbers (b) Natural numbers 

(c) Irrational numbers (d) Rational numbers 
(iii) « The different number of ways to describe a set are 7 

(a) 1 (b) 2 

(C) ies (d) 4 
(iv) A set with no element is called 

(a) Subset (b) Empty set 

(c) Singleton set (d) Super set 
(v)  Theset {xlxe W A x 101) is 

- (a) Infinite set ~- (b) Subset 


(c) Null set (d)  -Finite set “ 
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(vi) 


(vii) 


(viii) 


(ix) 


(x) ~ 


(xi) 


(xii) 
(xiii) 
(xiv) 


(xv) 


_ (xvi) 







The set having only one element is called 


(a) : Null set (b) Power set 

(c) Singleton set : (d) Subset 

Power set of an empty set is 

(a) @ (b) {a} 

(c) {¢, {a}} | (d) {9} 

The number of elements i in power set {1, 2, 3} is 

(a) 4 (b) 6 

(c) 8 (d) 9 

If ACB, thenA uv Bis equal to » 

(a) A’ | (b) B 

(c) @ _ (d) — -none of these 

If ACB, thenA Bis equal to — 

(a) A : (Db) 

(c) @ 3 | (d) none of these 

If A cB, then A — B is equal to 

(a) A | (b) B 

(c) ¢ (d) B-A 

(A U B) U Cis equal to | . 
f ANBYC) (b) (AUB)NC 

(c) AU(BUC) (Jd) AN(BNC) 

AU (BN C) is equal to 

(a) (AUB)N(AUQ) (b) AN(BNO 

(c) (ANB)U(ANYG (4d) AU(BUQC 

If A and B are disjoint sets, then A U B is equal to 

(a) A (b) B 

(c) @ (d) BUA 


If number of elements in set A is 3 and in set B is 4, then number of elements in 
Ax Bis 

(a) 3 (b) 4 

(c)) 9 12 (d) 7 

If number of elements in ane 1s 3 and in set B is 2, then number of Banat relations 
in A X Bis 


(a) 2° 7 () 2° 
(ine. (d) 2? 
The domain of R= {(0, 2), e 3), (3, 3), (3, 4)} is 
(a) {0,34 (b) {0, 2, 3} 
(oe) {0,2,4)} . (4) {2,3, 4} 


ii) The range of R= {(1, 3), (2, 2), (3, 1), 4, 4)} is 
(a) {1,2, 4} , (b) {3,2, 4} 






Kmthaaayn @) (1,34) 





(XIX) 
(xx) 


Zs 
~@) 
(il) 
(111) 
(iv) 
(v) 
(vi) 
(vii) 
(viii) 
(1x) 
(x) 
Ss} 
(i) 
(ii) 
(iii) 
(iv) 
(v) 
(Vi) 
(Vii). 
(Vili) 
(ix) 
(x) 
(xi) 
(xii) 
(xiii) 
(xiv) 
(xv) 
(Xvi) 
(XVil) 
(XViil) 
(xix) 


(xx) 
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Point (—1, 4) lies in the quadrant 


(a) I (b) II 
(c). Il (d) IV 
The relation {(1, 2), (2, 3), (3, 3), G, 4)} Is 

(a) onto function (b) into function 

(c) nota function 3 (d) one-one function 


Write short answers of the following questions. 
Define a subset and give one example. 

Write all the subsets of the set {a, b} 

Show A m B by Venn diagram. When A ¢ B 
Show by Venn diagram AM (B U C). 

Define intersection of two sets. 

Define a function. 

Define one-one function. 

Define an onto function. 

Define a bijective function. 


- Write De Morgan's laws. 


Fill in the blanks 

If AC B,thenAUB= : ' 
If AN B=0othenA and Bare___- 
If Ac Band BCA then __ 
AU(BN C= 
The complement of U is 
The complement of ¢ is 
ANA‘= 

AUA‘= : 
The set {x|xe A and x¢ B} = z . 
The point (—5, —7) lies in________ quadrant. 

The point (4, 6) lies in ___ quadrant. 

The y co-ordinate of every point is — ‘on-x-axis. 

The x co-ordinate of every point is___ on-y-axis. 
The domain of {(a, 5), (0, ¢), (¢, d)} is _ | 
The range of {(a, a), (6, b), (c, c)} is 





























Venn-diagram was first used by . | 
A subset of A x A is called the __ __inA. ; 
If f: A——> B and range of f= B, then fis ans function. 

The relation {(a, b), (b, c), (a, @)} is _________ a function. 








= 
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SUMMARY 


A set is the well defined collection of objects with some common properties. 


Union of two sets A and B denoted by A WU B is the set containing elements which 
either belong to A or to B or to both. 


Intersection of two sets A and B denoted by A - B is the set of common elements of 
both A and B. In symbols A M B= {xlxeAandxe B}. 

The set difference of B and A denoted by B —A is the set of all those elements of B 
which do not belong to A. 

Complement of a set A w.r.t. universal set U denoted by AS = A’ = U —A contains 
all those elements of U which do not belong to A. 

British mathematician John Venn (1834 — 1923) introduced rectangle for a universal 
set U and its subsets A and B as closed figures inside this rectangle. 

An ordered pair of elements is written according to a specific order for which the 
order of elements is strictly maintained. 


Cartesian product of two non-empty sets A and B denoted by A x B consists of all 
ordered pairs (x, y) such thatx e A, ye B. : 


If A and B are any two non-empty sets, then a non empty subset R cA x B is called 
binary relation from set A into set B. 


If A and B are two non empty sets, then relation f : A — B is called a function if (i) 
Dom f= set A (ii) every x € A appears in one and only one ordered pair € f. 


Dom f is the set consisting of all first elements of each ordered pair € f and Rang of 
f is the set consisting of all second elements of each ordered pair € f. 


_ A function f: A — B is called an into function if at least one element in B is not an 


image of some element.of set A i.e., range of f < B. 


A function f : A’— B is called an onto function if every element of set B is an image 
of at least one element of set A i.e., range of f = B. 


A function f : A — B is called one-one function if all distinct elements of A have 
distinct images in B - 


A function f : A — B is called bijective function iff function f is one-one and onto. 





Unit-6 
BASIC STATISTICS 





In this unit, students will learn how to 





construct grouped frequency table. 
_ construct histograms with equal and unequal class intervals. 

construct a frequency polygon. 

construct a cumulative frequency table. 

draw a cumulative frequency polygon. 

calculate (for ungrouped and grouped data) | 

e arithmetic mean by definition and using deviations from assumed 

mean. 

calculate median, mode, geometric mean, harmonic mean. 

recognize properties of arithmetic mean. 7 

calculate weighted mean and moving averages. 

estimate median, quartiles and mode graphically. 

measure range, variance and standard deviation. — 
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6.1 Frequency Distribution 

A frequency distribution is a tabular arrangement for classifying data into different 
groups and the number of observations falling in each group corresponds to the respective 
group. The data presented in the form of frequency distribution is called Grouped Data. 
Hence a frequency distribution is a method to summarize data. 


6.1() Construction of Frequency Table : 
On the basis of types .of variable or data, there are two types of frequency 


| distribution. These are: 


(a) Discrete Frequency Distribution. 

(b) Continuous Frequency Distribution. 
(a) Discrete Frequency Table 

Following steps are involved in making of a discrete frequency distribution: 

(i) Find the minimum and maximum observation in the data and write the 
values of the variable in the variable column from minimum to: the 
saint maximum. 

(ii) Record the observations by using tally marks. (Vertical bar ‘l’) 

(iii) | Count the tally and write down the frequency in the frequency column. 
Example 1: Five coins are tossed 20 times and the number of heads recorded at each toss are 
given below: 3, 4, 2, 3, 3, 5, 2, 2, 2, 1, 1, 2, 1, 4, 2, 2, 3, 3, 4, 2. 

Make frequency distribution of the number of heads observed. 

Solution: Let X = Number of Heads. The frequency distribution is given below: 


Frequency distribution of number of heads 





_(b) Continuous Frequency Table 


“The making of continuous frequency distribution involves the following steps: 
(i) Find the Range, where Range = Xmx — Xmin (the difference between 
maximum and minimum observations). | 
(ii) | Decide about the number of groups (denote it by k) into which the data is to 
- be classified (usually an integer between 5 and 20). Usually it depends upon 
_ the range. The larger the range the more the number of groups. 
(iii) | Determine the size of class (denote by h) by using the formula: 


h= Aange (Use formula when “b” is not given) 


Note: The rule of approximation is relaxed in determining h. For example, h = 7.1 
ie eee or te may be taken as 8. 


- LT 
—* - 
. ; 
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(iv) Start writing the classes or groups of the frequency distribution usually 
starting from the minimum observation and keeping in view the size of a 
class. 

(v) Record the observations from the data by using tally marks. 

(vi) Count the number of tally marks and record them in the frequency column 

' for each class. 
Example 2: The following are the marks obtained by 40 students in mathematics of class X. 


Make a frequency distribution with a class interval of size 10. | 
51, 55, 32, 41, 22, 30, 35, 53, 30, 60, 59, 15, 7, 18, 40, 49, 40, 25,.14, 18,19, 2, 43, 
22, 39, 26, 34, 19, 10, 17, 47, 38, 13, 30, 34, 54, 10, 21, 51, 52. 
| Solution: Let X = marks of a student. : 
From the above data we have Xpin = 2, Xmax = 60. It is given that h = 10. We can 
either start from 2 or the nearest smallest integer 0 for our convenience. There are two ways 
' to make frequency distribution. : | 
(a) We may write the actual observations falling in the respective groups. This is given 
as follows: : 
Classes/Groups | ___—_—Observations__—_—| Frequency 
iin OT Pte | 
10—— 19 10, 10, 13, 14, 15, 17, 18, 18, 19, 19 











, 
PRETO 
| 30-——39 | 30, 30, 30, 32, 34, 34,35, 38,39 | 9 

fesiaraih 






| 6o— 69 | 1 COs 
(b) Use tally marks for recording each observation in the respective group: This is given 

in the following table: ‘Vie : 
_Classes/Groups: | =T 









u 
2 


ato, w Iho }— 
SIS IS |S |Sis 
ates w Ito fe 
BINS 15 |S [33 IS 


Note: The solution (6) is usually adopted to construct a frequency distribution: 
Concepts involved in a Continuous frequency table: 

The following terms are frequently used in a continuous frequency. distribution: 
| NOT FOR SALE - PESRP 
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(a) Class Limits: The minimum and the maximum values defined for a class or 
group are called Class limits. The minimum value is called the lower class limit and the 
maximum value is called the upper class limit of that class. In example 2, the lower class 
limits are 0, 10, 20, 30 etc., while the upper class limits are 9, 19, 29, 39 etc. 

(b) Class Boundaries: As a continuous frequency distribution is based on 
measurable characteristic variable which involves the rule of approximation to record any 
observation. From example 2, some class boundaries are given below: 


Class limits 
=o ra 

Hence referring to example 2, we may a9 that the al lower class limit of 10 is 9.5. 
as all values between 9.5 and 10.49 are recorded as 10. While the upper class limit of 19 is 
19.5 as all values between 18.5 and 19.5 are recorded as 19. The real class limits of a class 
are called class boundaries. A class bouridary is obtained by adding two successive class 
limits and dividing the sum by 2. The value so obtained is taken as upper class boundary 
for the previous class and lower class boundary for the next class. 

(c) Midpoint or Class Mark: For a given class the average of that class obtained by 
dividing the sum of upper and lower class limits by 2, is called the midpoint or class mark 
of that class. 

(d) Cumulatiye Frequency: The total of frequency up to an upper class limit or 
boundary is called the cumulative frequency. 

The above concepts have been explained with reference to Example 2 below: 


Example 3: Compare ¢ class boundaries, class marks and cumulative frequency for data of 


example 2, 
Solution: Grmantsion follows, 

: Class mark frequency _ 

— 

fea@es) [c, 10, | 2+10=12 | 

ee eS 
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6.1(ii) Construction of nistograns 
Histogram 

A Histogram is a graph of adincent rectangles constructed on X¥-plane. It is a graph 
of frequency distribution. In practice both discrete and continuous frequency distributions are 
represented by means of histogram; However. there is a little difference in the construction 
procedure, We explain this with the help of examples. 
Equal Intervals Histogram:. 
Example 1: Make a Histogram of the following distribution of the number of heads when 5 
coins were tossed. 


‘ | X (number of heads) | 





Solution: We proceed as follows, 7 
Step 1: Mark the values of variable X along x-axis using a suitable interval. 
Step 2: Mark the frequency along y-axis using a suitable scale. 
Step 3: At each interval make a rectangle of height corresponding to the reSPeCu 
frequency of values of the variable X. 
_ The resulting Histogram i is given below: 





Frequency 


Oe a ae eS EG 





ee a 
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Example 2: Make a Histogram for the following distribution of marks. 


Se aaa 
pews oe” Se 









29.5 — 39.5 
39.5 —— 49.5 
49.5 — 59.5 


Solution: Since this is a continuous frequency distribution so we proceed as follows: 





(a) Mark the class boundaries along x-axis using a suitable scale. 
(b) Mark the frequency along y-axis using a suitable scale. 
(c) At each class interval construct a rectangle of height corresponding to the 
frequency of that group. 
’ Histogram 





O95 95 195. 29.5 39.5 49.5 59.5 


Class Boundaries (Marks) 
Note: On graphs above 0 and -0.5 are written on positive side of x-axis just to better 
understand the histogram. 
_ Unequal Intervals Histogram , 


If the class intervals are un-equal, the frequency must be adjusted by dividing each 
class frequency on its class interval size. If the interval becomes double, then frequency is 
divided by 2, so that the area of the bar is in proportion to the.areas of other bars etc. 
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Example 3: Draw a histogram illustrating the following data: 


[Age Number oft 












Solution: As the class intervals are unequal the height of each rectangle cannot be made 
equal to the frequency. Therefore, we obtain proportional heights by dividing each frequency 
with class interval size. This is shown in the following table: 


OE 0.20 


2+5=04 
26 + 10=2.6 
22+5=4.4 
20+5=4.0 
15 +5 =3.0 


14+10=1.4 





5.2 
4.8 
4.4 
= 4.0 
2) 3.6 
m 3.2 
=— 2.8 
5 2.4 
b= 2.0 
S 1.6 
1.2 
8 
4 

0 


e. . m ac v7 he Tom. 
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. 6.1(iii) Construction of Frequency Polygon 


A Frequency Polygon is a many sided closed figure. Its construction is explained by 
the following example: 


. Example 1: For the following data make a Frequency Polygon. 


9 





| Solution: 


Step 1. Take two additional groups with the same class interval size. One before the very 
first group and the second after the very last group. Also calculate midpoints for 








| OP 
| G0) Te Oo Sn 
69.5—79.5 
class or midpoints for the given distribution. 


= 5 
|_ Frequency | 
| 
" 


















and frequency along y-axis using appropriate scale. 
requency for each of the corresponding midpoint/class mark. 
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Step 5. Join all the points by means of line segments. 
10- mai 








Frequency 





4.5 14.5 24.5.34.5 44.5 54.5 64.5 74.5 
-Midpoints/Class Marks 
6.2 Cumulative Frequency Distribution 
6.2(i). Construction of Cumulative Frequency Table 
A table showing cumulative frequencies against upper class boundaries is called a 
cumulative ‘frequency distribution. It is also called a less than cumulative frequency 
distribution. ca 
Example 1: Construct a cumulative frequency distribution for the following data. 
15 






50-54 









Solution: The cumulative frequency distribution is constructed below: 
Class 


Boundaries | =(f) Frequenc Boundaries pquency 
fias—24s{ 1 [| O+1=a 
+223 |) Less than 29, 
3+26=29 | 
sas—sos| 2 | wemest |. 
|| SPOT ae 
1 . 


























39.5 — 44.5 51+20=71 | ss than 44.5 __ LUE aaah 
445—495| 15 | 71+15=86 | Less than 49.5_ 
495—545| 14 s than 54.- 












eh = UL be 2 Oe 8 ee 
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6.2(ii) Drawing of Cumulative Frequency Polygon or Ogive 
A cumulative frequency polygon or ogive is a graph of less than cumulative 
frequency distribution. It involves the following steps: 
Step 1. Mark the class boundaries on x-axis and frequency (cumulative) on y-axis. 
Step 2. Plot thé points for the given frequencies corresponding to the upper class boundaries. 
Step 3. Join the points by means of line. segments. 
Step 4. Drop perpendicular from the last point to x-axis to make a closed figure. 
Example 2: Construct a cumulative frequency polygon for the given data. 


ee 





Solution: First we add one group before the first group. Then we make the class boundaries 
and also calculate the cumulative frequencies. 





3 Class Boundaries 


13—15_ 12.5 —15.5 1443=17 


Now we write the above frequency distribution in the form of Less than cumulative 
distribution as given below: 


| Class Boundaries Cumulative frequency 
Lessthan 35 | 


Less than 6.5 2 








vf cr ae ee 
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The Cumulative frequency polygon follows: 







Frequency 


05 3.5 65. Mosemmnio sneer iss am 
Class Boundaries 


EXERCISE 6.1 


1. The following data shows the number of members in various families. Construct 
frequency distribution. Also find cumulative frequencies. 

9,11, 4, 5, 6, 8, 4, 3, 7, 8, 5, 5, 8, 3, 4, 9, 12, 8, 9, 10, 6, 7, 7, 11, 4, 4, 8, 4, 3, 2, 7, 9, 
10, 9, 7, 6, 9, 5, 7. 

2. . The following data has been obtained after weighing 40 students of class V. Make a 
frequency distribution taking class interval size as 5. Also find the class boundaries 
and midpoints. 

34, 26, 33, 32, 24, 21, 37, 40, 41, 28, 28, 31, 33, 34, 37, 23, 27, 31, 31, 36, 29, CE 

36, 37, 38, 22, 27, 28, 29, 31, 35, 35, 40, 21, 32, 33, 27, 29, 30, 23. 

Also make a less than cumulative frequency distribution. (Hint: MEMS ‘Classes | 
| 20—24225—29 ee)! | 

3. From the following data representing the salaries of 30 teachers of a school .Make a. zp 

frequency distribution taking class interval size of Rs.100, 450, 500, 550, 580, 670, 

. 1200,1150, 1120, 950, 1130, 1230, 890, 780, 760, 670, 880, 890, 1050, 980, 970, 
1020, 1130, 1220, 760, 690, 710, 750, 1120, 760, 1240. | | 
(Hint: Make classes 450—549, 550—649......). 

4. The following data shows the daily load shedding duration in hours in 30 localities of | 
a certain city. Make a frequency distribution of the load shedding duration taking 2 7 
hours as class interval size and answer the following questions. - ; 
6, 12, 5, 7, 8, 3, 6, T1025 14, 114 12,8, 6,8,9, 7,11, 6,95 12, 13,10, 14,7, 6.10 
11, 14, 12. ‘ | 
(a) Find the most aaa load bedding | hours? | | 





= meee 


=2 


ee eee 
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(b) _- Find the least load shedding intervals? 
(Hint: Make classes 2—3, 4—5, 6—7....) 


“3 Construct a Histogram and frequency Polygon for the following data showing 


weights of students in kg. 





6.3 Measures of Central Tendency 
Introduction 

The purpose of frequency distribution and graphical techniques is to view, 
summarize and understand different aspects of data in a simple manner. But we are also 
interested to find a ‘representative’ of the data under study. In other words to determine a 
specific value of the variable around which the majority of the observations tend to 
concentrate. This representative shows the tendency or behavior of the distribution of the 
variable under study. This value is called average or the central value. The measures or 
techniques that are used to determine this central value are called Measures of Central 
Tendency. The following measures of central tendency will be discussed in this section: 


AN Arithmetic mean - 2. Median. 
3} Mode 4. Geometric mean 
5. Harmonic mean «66. Quartiles 
All these measures are used under different situations depending upon the nature of 
6.3(i-a) Arithinetic Mean 


‘Arithmetic Mean (or simply called Mean) is a measure that determines a value 
(observation) of the variable under study by dividing the sum of all values (observations) of 
the variable by their number of observations. We denote Arithmetic mean by X . In symbols 
we define: 


s oA Sum of all values of observation 
__ Arithmetic mean of n observations ho "No.of obsrvation ae Obgation 


Ossetia! of Arithmetic Mean 
There are two types of data, Heth and grouped. We, therefore have different 
“methods to determine Mean for the two types of data. These are explained with the help of 
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_ Ungrouped Data 
; For ungrouped data we use three approaches to find mean. These are as follows. 


ie | (i) Direct Method (By Definition) 
The formula under this method is given by: 


| 
. 
) 
z- ae , Sum of all observations | 
~ No. of observations 1) 
Example 1: The marks of seven students in See are as follows. Calculate the i 
- Arithmetic Mean and interpret the result. | 
. 
) 


[sudentNo[1 [23 [#5 [6 [7] | 
[Marks [45 [60 [74 -]58 [6s [63] 49) a 


Solution: Let X = marks of a student 


1 
_ DX _ Xy HX $%Xy Fees +X, i 
X= ——— \ 
; n 7 
a pu O eee | 
‘ wy <7 i 
Explanation: Since the unit of data is marks, so the result is also in marks. Hence we may : . 
say that, ‘Each of the seven students obtains 59 marks on the eae” aes |) | 
(ii) Indirect, Short Cut or Coding Methods | 


There are two approaches under Indirect Method. These are used to find mean when 
data set consists of large values or large number of values. The purpose is to simplify the 
computation of Mean. These approaches exist in theory but are not used in practice as many 
Statistical softwares are available now to handle large ies However a student should have 
knowledge of the two approaches. These are: , : 

. (i) using an Assumed or Provisional mean 
(ii) using a Provisional mean and changing scale of the variable. ans 
Deviation is defined as Ceres w any value of the variable from any constant 


4 
ul 

















‘A’. For example we say, a | | iol | » The 
Deviation from meanofX = (4;—-X)= (ye z) fori=1, phate “Ch beepers) a 
Deviation from any constant A = (4;—A) = (Xi= ‘AD: for i=1, Ditech DA oe 
The formulae used under indirect methods are: SPN EMT N wate av sreb oe ~ 
- : a WR aii ee G <e a8 () al . b. 
; Bel ; yD, : : ae ty ast 5 a ee ihe 2 oad 
ae (i) X = A+-=— (ii) carr ee iors oS Mere y ae 
‘ies | | de a Rin Rao’ 3 iu Nae , c “ ve = i a 





D;= = (Xj - ~A), A is any assumed value of X or Pr ovisiona I ole 


=A) | AA) eae ae eae 





» his 2 constant multiple ott me \ of X for = nequal a i nte srvals Ne 
UB 4! art athe ) Be wm oe pian nice fi gt 3d a sab ip i a (yr 
- - 4 ’ ody : 5 Se . ot —. ee. 
‘- ’ 7 \ is ; a ot 
| ae oe festa wt | NOT FOR SALE =  PESRF 
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i Example 2: The salauies of five teachers are as follows. Find the mean salary using direct 
and indirect methods and compare the results. 11500, 12400, 15000, 14500, 14800. 
Solution: We proceed as follows: 


(a) Using pee method. 


7 DA _ 11500 + 12400 + 15000 + 14500 + 14800 








5 ) 
= ee | = 13640 Rupers: 
~ | | (x, — A) 
we assume A = 13000 , D, =(x,—13000), h = 100-and u, = , the 


computations are shown I in the following table: 






G) __— Using Indirect methods 


| X= 130004=—— = 13000 + 640 = 13640 Rupees 


-@) _ Using Indirect method 


X= es = 13640 Rupees 


Grouped Data 
A data in the form of frequency distribution i is called grouped data. For the grouped 
data we define formulae under Direct and Indirect methods as given below: 
(a) _ Using Direct method, 


(b) _ Using Indirect method, 







» 9 . B Ste Glle wie it ee Doe 
>* >"r ‘ J 
“a } - 





2 c | eatin lens Sayre i Tse SPR BS Ako & oe ; 
Faas TK, @ X=A+ eh : Aisa Fo a ias 
»yamenetorets fay eas sical bi df 
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Example 3: Find the arithmetic mean using Direct method for the following frequency 


(Number of heads) X | Frequency | 


distribution. 





2 

D, reer = = 2.45 or 3 heads (since the variable is discrete). 

Example 4: For the following data showing weights of toffee boxes in gms. Determine the 
mean weight of boxes. 
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Solution: First we calculate midpoints for each less and then find arithmetic mean. 


ewtcomm |e | Tn 
tet See 
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Example 5: Find arithmetic mean using short formulae EIST X = 34.5 as the provisional 
mean in example 4. 


Solution: We use the following formulae 


. = u 
(i) = eee (ii) go4+ df xh 
Dr . DT 
‘ Given A = 34.5, we note that the distribution has. equal class interval size of 10. So 
we may take h = 10 and make the: following calculations: 











Substituting the totals in the above seul ae: we get 


ae | Rews+ Fy HS -2= 32.5 gm 





123 Mathematics 10 


(ii) xX =34.5+— x10 = 34.5-2=32.5 gm. 


Hence the three methods yield the same answer. 
6.3(i) (b) Median 

Median is the middle most observation in an arranged data set. It divides the data set 
into two equal parts. ‘Xx’ is used to represent median. We determine Median by using the 
following formulae: 


Ungrouped data 
Case-1: When the number of observations is odd of a set ai data arranged in order 
of magnitude the median (middle most observation ) is located by the formula given below: 





X = size of ( “es observation 


Case-2: When the number of observations is even of a set of data arranged in order 
of magnitude the median is the arithmetic mean of the two middle observations. That is, 


median is average of 5 and ¢ + i} values. 


X= 5| size of ts th + ate t) observations | 
Example 1: On 5 term tests in mathematics, a student has made marks of 82, 93, 86, 92 and 
79. Find the median for the marks. 
Solution: By arranging the grades in ascending order, the arranged data is 
79 , 82 , 86, 92 ,.93 : 
Since number of observations i is oddi.e.,n=5. 


veo 5 + 
X= size of ( 5 





l 
th observation 


X = size of 3" observation 
X = 86 

Example 2: The sugar contents for a random sample of 6 packs of juices of a certain brand — 
are found to be 2.3, 2.7, 2.5, 2.9, 3.1 and 1.9 milligram. Find the median. | 


Solution: Arrange the values by increasing order of magnitude 
1.9 52:3) p2iSin Bla neo 
_ Since number of observations is even ie., 2 =6. 


X= - 5| size of (Sth + 2 th) ame 










r 
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_ Grouped Data (Discrete) 
The following steps are involved in determining median for grouped data(discrete): 
> Make cumulative frequency column. 
> Determine the median observation using cumulative frequency, i.e., the class 


th 
He n : 
containing g observation. 


Example 3: Find median for the following frequency distribution. 


[ (Number of heads) x 





——EE 
[oe eel ee 
eS SS ae 
(4 EE eee 
ee 








th 
) observation 
50 th 
Median = the class containing (2) observation 


Median = the class containing ( 


Median = the class containing (10)! observation 
Median = 2. 
Grouped Data (Continuous) 
The following steps are my Oled in determining median for grouped data 
- (continuous): 
> _‘~Determine class boundaries _ 
> Make cumulative frequency column 
> Determine the median class using cumulative peeieacy, i.e., the class 


th 
containing By observation 
> Use the formula, 
Median =/ +E d 
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where / _ : lower class boundary of the median class, 
h : class interval size of the median class, _ 
f : frequency of the median class, 
c : cumulative frequency of the class preceding the median class. 
Example 4: The following data is the time taken by 40 students to solve a problem is 
recorded. Find the median time taken a the students. 


146 140 ae | 136 | 148 | 152 | 144 _ 
| 168 | 126 
142 1st 

135 
Solution: | 


(a) Class Intervals | Frequency Class umulative 
Boundaries me ayene 


118 — 126 117.5 — 126.5 
127 — 135 126.5 — 135.5 
136 — 144 135.5 — 144.5 















































154 — 162 
163'— 171 
172 — 180 


153. = 162. 5 
162.5 — 171.5 
171.5 — 180.5 





th 
wre ho n - 
median class = class containing > observation 


th | 
40 
median class = class containing =| =20" observation 


median class = 144.5 — 153.5 
| = lower class boundary of median class = 144.5 
c = cumulative frequency preceding the median class = 17 
f= frequency of median class = 12 
h = size of median class interval = 9 
So, X= 1+4(b 0] = 1445 +75 (20 — 17) = 146.8 
6.3(i) (c) Mode 7 
Mode is defined as the most frequent occurring observation in the data. It is the 
observation that occurs maximum number of times in given data. ae following formula is 
used to determine Mode: | 





on tu 


SLET) PUEDE TREE SRLS | OL RR hy 


; i478 tad 


Basic Statistics _—_—_ 126 





(i) Ungrouped data and Discrete Grouped data 
Mode = the most frequent observation 


(ii) Grouped Data (Continuous) 


The following. steps are involved in determining mode for grouped data: 
> Find the group that has the maximum frequency. 
_ » Use the formula 


Sn eit 
Mode = 1 +=—"—+*— x h, 


| af, I wSe 
‘Where l,i: Rayer class boundary of the modal clasat or group, 
h .  : class interval size of the modal class, 
f,, + frequency of the modal class, 
f, . : frequency of the class preceding the modal class and 
Te : frequency of the class succeeding the modal class. 


Example 1: Find the modal size of shoe for the following data: 
4, 4.5, 5, 6, 6, 6, 7, 7.5, 7.5, 8, 8, 8, 6,5, 6.5, 7. 


_ Solution: We note the most occurring observation in the given data and find that, 


mode = 6. 
Example 2: Find Mode for the following frequency distribution. 





Solution: Since the given data is saa Praga data so = 
mode = 2, 
(Since for X = 2 the frequency is maximum, means 2 heads appear the maximum 
number of times i.e., 8). 
Example 3: For the following pa showing weights of toffee boxes in gm. Determine the 
ereoal weight of boxes. | 






oe wil ate arts fi 
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Solution: Since the data is continuous so we proceed as follows: 
(a) Determine the class boundaries first, 
(b 


Classes/Groups Class Boundaries 
2 


Find the class with maximum frequency | 





) 
| 0—9 "| eee eo saa 
| 10— 19 __ | “95 oa et 
|. 30 —39)_ | se 
| 40—49__|) 39.5 === aise |G an 
55 eae 
i Eire 


Modal class | 


50 —— 59 49.5 — 59.5 7 
60 —— 69 59.5 —— 69.5 
[Tee enon ae 


From the above table we get, modal class or group = 9.5 — 19.5. 
f, =10,1=9.5,h =10, f, =2and f, =5. 


10:=2 e 
2(10) —2—5 






Mode = 9.5 + 10 


Mode=9.5+ * = 9.5 + 6.134 = 15.654 gm 


6.3(i) (d) Geometric Mean — 
Geometric mean of a variable X is the n™ positive root of the product of the 


XX AM aici: ,X, observations. In symbols, we write 
= lin 
G.M. = (x), X5, X3) --- %,) 


The above formula can also be written by using logarithm. 


For Ungrouped data 
log X 
G.M. = Anti log (21082) 
For Grouped data 


oa 


GM antis| Logix 
.M. = Anti log 7 


Example 1: Find the geometric mean of the observations 2, 4, 8 using (i) basic formula and 
(ii) using logarithmic formula. 
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| Solution: (i) | Using basic formula 

G.M=(2x4x8)" =(64)!3 = 4. 
eee | og xX 
_ 2 a 
Le 0,6021 
0.9031 | 


| E log X = 1.8062 | 














l. 0a) 
3 


= Anti log (0.6021) = 4.00003 = 4 
Example 2: Find the gxojetic mean for the following data: 


Eaniacialn erento] Frequency/ (No of Students) 


G.M. = Anti log ( 





















Solution: We proceed as follows: 
SS Se 
s—a| 2 | 365 | iseme | 370 
a 
sie] 2 | s55 [ress [tosis 
wo} 9 | 65.5 | 1816241 | 1634617 
elf Pa | ae — 


G.M = Anti log ee) 

aga = Anti log (1.66749) = 46.50 % marks 

re 630) (e) Harmonic Mean : 
Harmonic mean refers to the value obtained by reciprocating the mean of the — 

necks 2 yaXayasbaenias ..,X, Observations. In symbols, for ungrouped data, 














129 : Mathematics 10 





and for grouped data, 





Solution: 





4 | 
H.M. = 0.6583 = 6.076 


Example 2: Find the Harmonic mean for the following data. 


No. of Saaeatse 








ME 
Se 
| 61 —= 10 
Solution: E 
Sasser} 
aso |e 
ee 
py 85 
HM. = aif ee = 45.441 
x 
6.3(ii) Properties of Arithmetic Mean 
(i) Mean of a variate with similar observations say constant Kis the constantk . - 
itself. 


(i1) Mean is affected by change: in origin. 
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(iii) Mean is affected by change in scale. 
(iv) Sum of the deviations of the variable X from its mean is always zero. 
Example 1: Find the mean of observations: 34, 34, 34, 34,34, 34. 
Solution: Since the variable say X here is taking same observation so by property (i) 
X =34. 
Example 2: A variable X takes the following values 4, 5, 8, 6, 2. Find the mean of X. Also 


find the mean when (a) 5 is added to each observation (b) 10 is multiplied with each 
observation (c) Prove sum of the deviation from mean is zero. 


Solution: Given the values of X, 
xX: 4 5 8 6 2 


We may introduce two new variables Y and Z under (a) and (b) respectively. So we 
are given that (a) Y = X + 5 (b) Z= 10X. The following table shows the desired result: 





We note that (a) Y =10=5+5=X +5 


(b)  Z=50=10(5)=10X 
Which shows that mean is affected by change in origin and scale. 
(c) From the last column of the table we note that > (xX —X. ) =( , the sum of 


the deviations from mean is zero. 
6.3 (iii) Calculation of Weighted Mean and Moving Averages 


a. The Weighted Arithmetic Mean 

The relative importance of a number is called its weight. When numbers x, x, ... X,, 
are not equally important, we associate them with certain weights, w,, Wo, W3, .» ¥', 
depending on the importance or significance. 7 
i aD WX) + W2%2t---tWikn Lwx 


aS , | Aw wp tWote. +h, Lh 
is called the weighted arithmetic mean. 
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Example 1: The following table gives the monthly earnings and the number of workers in a 
factory, compute the weighted average. 


Monthly earnings. Rs. 
‘4 800 
22 









Solution: Number of employees are treated as a weight (w) and monthly earnings as 
variable (x) 


No. of employees (w) 
4 


22 
20 


30 
80 





—~ Lxw_ 14390 
Xw= >, = 456 =I . 


b. Moving Averages 


Moving averages are defined as the successive averages (arithmetic means) which 
are computed for a sequence of days/months/years at a time. If we want to find 3-days 
moving average, we find the average of first 3-days, then dropping the first day and add the 
succeeding day to this group. Place the average of each 3-days against the mid of 3-days. 
This process continues until all the days, beginning from first to the last, are exhausted. 


Example 2: Calculate three days moving average for the following record of attendance: 
[Week | Sun | Mon | Tue | Wed | Thu | Fri | Sat_ 
[1 [24 [Ss | eos eas Sia Se coe 


Solution: 
3-days moving 


Week ance Attendance 
24 
55 















107/3 = 35.67 






28 128/3 = 42.67 
45 124/3 = 41.33 
150/3 = 50.00 


165/3 = 55.00 
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By adding the first three values, we get 107, which is placed at the center of these 
| | values 1.e., Monday and then dropping the first observation i.e., 24 and adding the next 3 
| values, we get 128 and placed at the middle of these three values and so on. For average 
values, divide 3 days moving total by “3” which shows in last column of the table. 
6.3(iv) Graphical Location of Median, Quartiles and Mode 
| We explain the graphical location of Median, Quartiles and Mode by the help of 
| following examples: 
Example 1: For the following distribution, locate Median and Quartiles on graph: - 


Lot i ia 
|__Less than 140 

| en 
| 













Cumulative frequency | 








Less than 180 
Solution: ge , | = 


We locate Median and Quartiles by using the following cumulative frequency 
polygon. 









ae a) Find (n/4)" observation which is 82/4=20.5. 
= en tli | 3 b) On the graph locate 20.5 on y-axis and draw a horizontal line segment 
i Aes coe” * on parallel to x-axis touching the polygon. 
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Cc) Draw a vertical line segment from this point touching x-axis. 
d) Read the value of first quartile at the point where the line segment meets 
x-axis which is 135.17. 


Finding 
Q, or Median : 


a) Find 2(/4)" observation which is 2(82/4)=41. 


b) On the graph locate 41 on y-axis and draw a horizontal line segment parallel 
to x-axis touching the polygon. 
c) Draw a vertical line segment from this point touching x-axis, 
d) Read the value of Median at the point where the line segment meets x-axis 
which is 145.33. 
Finding 
Q;: 
a) Find 3(n/4)" observation which is 3(82/4)=61.5. 
b) On the graph locate 61.5 on y-axis and draw a horizontal line segment 
parallel to x-axis touching the polygon. 
Cc) Draw a vertical line segment from this point touching x-axis. 
d) Read the value of Median at the point where the line segment meets x-axis 


which is 157.57. 
Example 2: For the following distribution locate Mode on graph. 


| - Salaries i in nupess No. of teachers 
a 
| 
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Solution: On Histogram, the mode is located on X-axis as shown below: 


Histogram 





Steps: 
: 1. Determine the rectangle having the highest peak indicating the modal class. 
> Draw a line segment from the top left corner of the rectangle to the top left 
comer of the succeeding rectangle. | 
> Draw another line segment from the top right corner of the rectangle to the 


top right corner of the preceding rectangle. 

> Drop perpendicular from the top of the rectangle to the x-axis passing 
through the point of intersection of the two line segments. 

> Read the value at the point where the perpendicular meets the x-axis. This*is 
the Mode of the data which is 144. 


EXERCISE 6.2 


1. What do you understand by measures of central tendency? 
Define Arithmetic mean, Geometric mean, Harmonic mean, mode and median. 
3. Find arithmetic mean by direct method for the following set of data: 
(i) 12, 14, 17, 20, 24, 29, 35, 45. 
Gi) _-200, 225, 350, 375, 270, 320, 290. 
ies | nA: For each of the data in Q. no 3., compute arithmetic mean using indirect method. 





135 Mathematics 10 


The marks obtained by students of class XI in mathematics are given below. 
Compute arithmetic mean by direct and indirect methods. 





The following data relates to the ages of children in a school. Compute the mean age 
by direct and short-cut method taking any provisional mean. (Hint. Take A = 8) 


Class limits 
Also Compute Geometric mean and Harmonic mean. 


The following data shows the number of children in various families. Find mode and 
median. ' 

9, 11, 4, 5, 6, 8, 4, 3, 7, 8, 5, 5, 8, 3, 4, 9, 12, 8, 9, 10, 6, 7, 7, 11, 4, 4, 8, 4, 3, 2, 7, 9, 
10, 9,7, 6, 9, 5. 

Find Modal number of heads for the following distribution showing the number of 
heads when 5 coins are tossed. Also determine median. 
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- 9. The following frequency distribution the weights of eae be 
mean, median, mode. ghts of boys in kilogram. Compu 





10. A student obtained the following marks at a certain examination: English 73, Urdu 
_ 82, Mathematics 80, History 67 and Science 62. 


(i) If the weights accorded these marks are 4, 3, 3, 2 and 2, respectively, what is 
an appropriate average mark? 
(11) What is the average mark if equal weights are used? 

11. Ona vacation trip a family bought 21.3 liters of petrol at 39.90 rupees per liter, 18.7 
liters at 42.90 rupees per liter, and 23.5 liters at 40.90 rupees per liter. Find the mean 
price paid per liter. | 

12. Calculate simple moving average of 3 years from the following data: 

ears [20012002] 2003] 2004]2005] 2006] 2007 [2008] 2009]2010 

Values] 102 | 108 | 130 | 140] 158 | 180 | 196 [210 | 220 | 230 


13. Determine graphically for the following data and check your answer by using 
___ formulae. 
(i) Median and Quartiles using cumulative frequency polygon. 
(11) Mode using Histogram. 


10—20 




















Frequency 





20—30 tarsal 
(= a a 
[Te a ara 





6.4 Measures of os 
Statistically Dispersion means the spread or scatterness of observations in a data set. 


The spread or scatterness in a data set can be seen in two ways: 
™! (i) The spread between two extreme observations in a data set. | 
(ii) The “oan of observations around an average Say their arithmetic mean. 
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The purpose of finding Dispersion is to study the behavior of each unit of population 
around the average value. This also helps in comparing two sets of data in more detail. 

The measures that are used to determine the degree or extent of variation in a data 
set are called Measures of Dispersion. 

We shall discuss only some important absolute measures of dispersion now. 
(i) Range 

Range measures the extent of variation between two extreme observations of a data 
set. It is given by the formula: 

Range = Xmax ot Xmin = Xn i Xo 

where X_., = X,, : the maximum, highest or largest observation. 

X nin = &q: the minimum ,lowest or smallest observation. | 

The formula to find range for grouped continuous data is given below: 
Range = (Upper class boundary of last group)-(lower class boundary of first group 
Example 1: Find Range for the following weights of students: 

110, 109, 84, 89, 77, 104, 74, 97, 49, 59, 103, 62. 
Solution: Given that X, = 110, X, = 49, Range = 110-49 =61 


Example 2: Find the Range for the following distribution. 


| Classes / Groups 
hk — 


= 
= Totals [aa 


Solution: We find class bound and class marks for the given data as follows: 


| Class Boundaries 













| a 








0503 


Range = 69.5-9.5= =60 
(ii) Variance 


Variance is defined as the mean of the squared deviations of x (i = 1, 2, ....., n) 


observations from their arithmetic mean. Ih symbols, 


NOT FOR SALE - PESRP 


ta 


— 


Hr 


on 


Basic Statistics 138 





Variance of X = Var (X) = S* = DAX-X) 
n 


(iii) Standard Deviation 

Standard deviation is defined as the positive square root of mean of the squared 
deviations of X; (i = 1, 2, ....., m) observations from their arithmetic mean. In symbols we 
write, - 


X-X) 
‘Standard Deviation of X =S.D(X)=S = 2AXK) 


Computation of Variance and Standard Deviation 

We use the following formulae to compute Variance and Standard Deviation for 
Ungrouped and Grouped Data. 
Ungrouped Data 

The formula of Variance is given by: 


Il 


and Standard deviation 


S.D (X) =S=, || =—__ 





Example 3: The marks of six students in Mathematics are as follows. Determine Variance 
and Standard deviation. 





Solution: Let X = marks of a student. We make the following computations for finding 
Variance and Standard deviation. 





So, x= 
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Using computational formula 
25664 (372) 
Var (X) = S¢ = ———-- | —— 
a= BE (222) 
= 4277.3333 — 3844 = 433.3333 (square marks) 
S.D (X) = S =\4277.3333 — 3844 =1/433.3333 
= 20.81666 Marks 
: Grouped Data 
The formula of Variance is given by: 


m 2 
Dy: Pd F 


and standard deviation 





Example 4: For the following data showing weights of toffee boxes in gm. determine the 
variance and standard deviation by using direct methods. 









| 220 |) aaa | 
|__| 2 = = 2600 
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Using definitional formula 


52, 10440 





= 261 sq. gm. 
Using computational formula we get, 


2 
—— a = cay =1317.25 — (32.5)2 = 1317.25 — 1056.25 = 261 sq. gm.. 





and standard deviation is given by, 


s="\ [Go = V261 = 16.155 gm. 


S= - (Sy = ./%61 1 = 16.155 gm. 


Example 5: Compare the vanation about mean for the two groups of students who obtained 
the Jee marks in Statistics: 


|X = Marks (section A) | Y = Marks section B | 





Solution: In order to compare variation about mean we compute standard deviation for the 
two groups as follows:. 


(Y= Y) 











ees | 


eek. = 37? | 62 Marks: 
mere 6 
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IS” (x-X)’ 
S.D (X) = Eee — = [433.333 = 20.82 Marks 


Y-Y 
S.D(Y) = Ze) s. “ = (44,333 = 6.66 Marks 


: Comment: We note that the variation in Group B is smaller than that of Group A. This 
implies that the marks of students in Group B are closer to their Mean than that of Group A. 


EXERCISE 6.3 
What do you understand by Dispersion? 
How do you define measures of dispersion? 
Define Range, Standard deviation and Variance. 
The salaries of five teachers in Rupees are as follows. 
11500, 12400, 15000, 14500, 14800. 
Find Range and standard deviation. 
5. .  a-Find the standard deviation “S” of each set of numbers: 
(Z) 12, 6, 7, 3, 15, 10, 18, 5 
(ii) 9, 3, 8, 8, 9, 8, 9, 18. 
b- Calculate variance for the data: 10, 8, 9, 7, 5, 12, 8, 6, 8, 2. 
6. The length of 32 items are given below. Find the mean length and standard deviation 
of the distribution. 
: ees es 


7. For the following distribution of marks calculate Range. 


| Frequency/ (No of Students) 


Fa | 
= 
2-9 


et het a 


















| 6170 
| eds Peieik 





HOLEOR Sars CeSe aan 
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MISCELLANEOUS EXERCISES 
1. Multiple Choice Questions 
Three possible answers are given for the following questions. Tick (v) the 
correct answer. 
(i) A grouped frequency table is also called 
(a) data (b) frequency distribution 
(c) frequency polygon 
(11) A histogram is a set of adjacent 


(a) squares (b) rectangles 
(c) circles 
(iii) | A frequency polygon is a many sided 
(a) closed figure (b) rectangle 
(c) square 
(iv) | Acumulative frequency table is also called | 
(a) frequency distribution (b) data 
(c) less than cumulative frequency distribution 
(v) In a cumulative frequency polygon frequencies are plotted against 
(a) midpoints (b) upper class boundaries 


(c) class limits 
(vi) Arithmetic mean is a measure that determines a value of the variable under study by 
dividing the sum of all values of the variable by their 

(a). number (b) group 

(c) denominator 
(vii) A Deviation is defined as a difference of any value of the variable from a 






(a) constant (b) histogram 
(c) sum : 
(viii) A data in the form of frequency distribution is called : 
(a) Grouped data (b) Ungrouped data 
_ (c) Histogram 
(ix) Mean of a variable with similar observations say constant k is 
(a) negative (b) kitself 
(c)zero” 
(x) Mean is affected by change in 
(a) value (b) ratio 
.(c)  onigin 
Mean is affected by change in 
(a) place (b) scale 
(c) rate 


Sum of the deviations of the variable X from its mean is always 
(a) zero (b) one 
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(xiii) 


(x1V) 


(xv) 


(xvi) 


(Xvii) 


(XVIli) 


(xix) 


(xx) 


(xxi) 


(xxii) 


Ze 
(i) 
(ii) 
(iii) 
(iv) 
(v) 


' Write short answers of the following questions. ne 2 . f ae 


The n™ positive root of the product of the 5 a os Sects , X, Observations is called 
(a) Mode ~(b) Mean 

(c) Geometric mean 

The value obtained by reciprocating the mean of the reciprocal of 
Me Xn yg gentncsece , Xx, observations is called 

(a) . Geometric mean (b) Median 

(c) Harmonic mean | 

The most frequent occurring observation in a data set is called 

(a) mode | (b) median 

(c) harmonic mean 

The measure which determines the middlemost observation in a data set is called 


(a) median — (b) mode 

(c) mean 

The observations that divide a data set into four equal parts are called 
(a) deciles (b) quartiles 


(c) percentiles 

The spread or scatterness of observations in a data set is called 

(a) average _(b) dispersion 

(c) central tendency 

The measures that are used to determine the degree or extent of variation in a data set 
are called measures of 

(a) dispersion .  (b) central tendency 

(c) average 

The extent of variation between two extreme SEE SEO of a data set Is measured 


by 
(a) average (b) range 
(c) quartiles 


The mean of the squared deviations of x; (¢ = 1, Dy ieccalt) observations, from their 
arithmetic mean is called | ) > le 

(a) variance ~ . (b) standard devisdcD 

(c) range 

The positive square root of mean of the pauated deviations of X; i = ity 2, Pond? 
observations from their arithmetic mean is called as : 
(a) harmonic mean (b) range 
(c) standard deviation 


Define class limits. | . ‘seals’ a3 
Define class mark. _ | bed 

What is cumulative frequency? 
Define a frequency distribution. 
What is a Histogram? 





| deviations of x, @= 1,2, 
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(vi) Name two meas 
pes ures of central t 
(vii) Define Arithmetic mean. eas 
(viii) Write three pro 
perties of Arithmetic r 
(x) Define Median. oe 
(x) Define Mode? 
(xi) What do you mean by Harmonic mean? 
(x11) Define Geometric mean. 
(xiii) What is Range? 
(xiv) Define Standard deviation. 
SUMMARY 
> Range i is the difference between maximum and minimum observation. 
> ne A cionieab and the maximum values defined-for a class or group are called class - 
> The een of frequency up to an upper class limit or boundary is called the 
cum ve frequency. 
> A. frequency distribution is a tabular arrangement classifying data into different 
groups. 
> A Histogram is a graph of adjacent rectangles constructed on XY-plane. A 
cumulative frequency polygon or ogive is a graph of less than cumulative 
” frequency distribution. 
>. Arithmetic mean is a measure that determines a value of the variable under study by 
dividing the sum of all values of the variable by their number. . 
> A Deviation is defined as ‘a pic oace of any value oi the variable from any 
“constant”. D, = x;— A. 
> Geometric mean of a variable X is the n™ panier root of the product of the 
Kyo Xa Hao ----2- ,x, observations. 
>» Harmonic mean refers to the value vhtained pry reciprocating the mean of the 
: iprocal OF Xj, XpsXgreee- ,x, observations. 
> Mode is defined as the most frequent occurring observation of the variable or data. 
| Me +s the measure which determines the middlemost observation in a data set. 
> ie cally, Dispersion means the spread or scatterness of observations in'a data set. 
4 ene Bie the extent of variation between two extreme avenue of a data 
i = is defined as the mean of the squared: ‘deviations of x; Gs = 1G n)) 
> ariane ae from their arithmetic mean. 
observail tion is sep as the positive square root of 1 mean of the squared 
5 devia _, n) observations from their arithmetic mean: cc aR tT 


4 a ia | 2 
= arr hs hr " —_ i 
tsb eer ares in MAST & tr | 
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5) oe 
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Unit-7 


INTRODUCTION TO. 
__ TRIGONOMETRY _ 





In this unit, students will learn how to 


2a measure an angle in degree, minute and second. | 
| 22 convert an angle given in degrees, minutes and seconds into decimal 
form and vice versa. 
| 2a define a radian (measure of an sae in circular system) and prove the 
relationship between radians and degrees. 
2a establish the rule 1=r@ where r is the radius of the circle, I the length of 
circular arc and @the central angle measured in radians: 









mp) | 
2a prove that the area of a sector of a circle is 2 rr. 


2a define and identify: 
© general angle (coterminal angles), 
e angle in standard position. 
2a recognize quadrants and quadrantal angles. 
2a define coe anOlecenc ratios and their regerneae with the help of a unit 
circle. 
2a recall the values of trigonometric ratios for 45°, 30°, 60°. 
2a recognise signs of trigonometric ratios in different quadrants. 
22 find values of remaining trigonometric ratios if one trigonometric ratio 
is given. 
| 2a calculate the values of trigonometric ratios for 0°, 90°, 180°, 270°, 360°. 
| 22 prove the trigonometric identities and apply them to show different i 
trigonometric relations. 
2a find angle of elevation and depression. 
2a _ solve real life problems involving angle of ele 


















vation and depression. 








145° 
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7.1 Measurement of an Angle 
An angle is defined as the union of two non-collinear rays with some common end 
.point. The rays are called arms of the angle and the common end point is known as vertex of 
the angle. 

It is easy if we make an angle by rotating a ray from one position to another. When 
we form an angle in this way, the original position of the ray is called initial side and final 
position of the ray is called the terminal side of the angle. If the rotation of the ray is anti- 
clockwise or clockwise, the angle has positive or negative measure respectively. 


clockwise rotation 
negative measure 









Initial side Initial side 
anti-clockwise rotation 


positive measure 


Fig. 7.1 . 
7. 1(1) Measurement of an angle in sexagesimal system (degree, minute and second) 
Degree: We divide the circumference of a circle into 360 equal arcs. The angle 
subtended at the centre of the circle by one arc is called one degree and is denoted by 1°. 
y 





Fig. 7.11 
The Bais 1°, 1’ and 1” are used to denote a degree, : a minute and a second 
respectively. . . 
- Thus 60 seconds (60”) make one minute (1’) 
60 minutes (60’) make one degree (1°) 
_ 90 degrees (90°) make one right angle 
360 degrees (360°) make 4 right angles 
An angle of. 360° denotes a complete circle or one revolution. We use coordinate 
system to locate any angle to a standard position, where its initial side is the positive x-axis 
and its vertex is the origin. 
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Example: Locate (a) -45° (b) 120° (c)45° (d)-270° 
Solution: The angles are shown in Figure 7 1 2 
y 






~180° | —360° 
x 
| 5° 0° Initial side 





—90° Terminal side 





(c) 


Figure 7.1.2 
7.1(ii) Conversion of an angle given in D° M’S “form into decimal form and vice versa 
The conversion is explained through examples. 
Example1: (i) Convert 25°30’ to decimal degrees. 
(ii) Convert 32.25° to D? M’S “form. 
Solution: ; 


(i) 25°30’ = 95° + (= a, = 25°+0.5°= 955° 


(ii) 32.25° = 32° + 0.25° = 32° + (25) 
100 
1° 1). 22k¥' 
0 i) / 
= 32 +g = 32 +(4%60] = 32° 15 | 
Example 2: Convert 12°23’35” to decimal degrees’ correct to three decimal places. 
Solution: 12°23'35” = = 12°+77 ab =(12° +o 23° +o) 
: 60 * 60x60 60 * 3600 


wt 2° + 0;3833° + 0,00972° 
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; = 12.3930° = 12.393° 
| Beas pie 3: Convert 45.36° to D° M’S “form. 
Solution: (45.36)° = 45° + (0.36)° 


= 45° + sy = 45° +(e x 60’) 


= 45° + 21.6’ = 45° + 21’ + (0.6 x 60)” 
= 45°21'36” 
af Liti) Radian measure of an angle (circular system). 

Another system of measurement of an angle known as circular system is of most 
importance and is used in all the higher branches of Mathematics. : 
Radian: The angle subtended at the centre of the 
circle by an arc, whose length is equal to the radius of 
the circle is called one Radian. . 

| Consider a circle of radius r whose centre is 
O. From any point A on the circle cut off an arc AP 
whose length is equal to the radius of the circle. Join 
O with A and O with P. The ZAOP is one radian. 
This means that when length of arc AP = length of 
radius OA then m2 AOP=\ radian 
Relationship between radians and degrees 

We know that circumference of a circle is 
2mr where r is the radius of the circle. Since a 
circle is an arc whose length is 2mr. The radian 
measure of an angle that form a complete circle is 


Qtr 
= =21 





From this, we see that 360° = 27 radians 
or |180°=mradians| ...... (i) 


___ Using this relation, we can convert degrees 
into radians and radians into tiie as follows: © 





180°=7 radians => 1° = 78074 : 


Fig. 7.1.4 


(iii): 
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Some special angles in degree and radians. 
180° = 1 (180°) = x radians 


90° = > (180°) = 5 radians 
R.. 

60° = ; (180°) == 3 radians 

Be eh — Bae 4 (180°) = i i radians | 


30° = “6 (180°) = z = radians 





270° = 3 (180°) = ox radians 


Fig. 7.1.5 
Example 4: Convert the followike angles into radian measure: 7 
(a) 15° (b) 124°22’ 
Solution: (a) 15°=15 a rads by using (7) 
= a radians — 


(b) 124922’ = (124 + 22) = (124.3666) (=) ifaay 


=~ 2.171 radians 
_ Example 5: Express the following into degree. 


(a) o radians (b) 6.1 radians 
Solution: 
(a) * radians = m Ge =) degrees 
= 120° 
= 
(6) 6.1 radians = (6:2) enn degrees 
= 6.1 (57. 295779) = 349.5043 degrees 










|Remember that: 
| radian = (=4902] = $7.295795° = 5791745", 1°= 545° 20, 0175 radians 





.1416 
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PGBS Bed ich 1 
l. Locate the following angles: 
(i) 30° (ii) 22 x (ui) 135° (iv) 225° 
(v) —60° (vi) -120° (vii) —150° (vill) —225° 
2. Express the following sexagesimal measures of angles in decimal form. 


(i) 45°30" (ii) 60°30°30” (iii) 125°22’50” 
a3) Express the following into D° M’ S” form. 
| —G) 47.36° (ii) 125.45° = (iii) 225.75° — (iv) -22.5° 
Hh (v) -67.58° (vi) 315.18° 





4. _— Express the following angles into radians. 
(i) 30° (ii) (60)° (ui) 135° . (iv) 225° (v) —150° 
| (vi) —225° __- (vii) 300° (viii) 315° 
5) Convert each of following to degrees. 
ot ee See kl. TT _. 130 
(i) TF (ii) 76; (iii) e (iv) 16 (v) 3 
: oy IT fe el 
(vi) 4.5 (vii) 3. (Vili) — x 1 
7.2 SectorofaCircle — 
(i) A part of the circumference of a circle is called an arc. 
Gi) _ A part of the circle bounded by an arc and a chord is called segment of a 
circle. 
(iii) . A part of the circle bounded by the two radii and an arc is called sector of 


the circle. 





— radius 
B Dh sro terete la nerenes ; 
an arc a Carat waisactor 
7.2(i) To establish the rule / = 7 @ where r is the radius of the circle, ! the length of 
: circular arc and @the central angle measured in radians. 
Let an arc AB denoted by / subtends an 
angle @radian at the.centre of the circle. It is a fact 
of plane geometry that measure of central angles of 
the arcs of a circle are proportional to the lengths of 
their arcs. 









| NOT FOR SALE - PESRP 
gems > era 1 Seis 
Th ee oe Ae 
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mZAOB__ mAB 
mZAOC ~ a 


Example 1: In a circle of radius 10m, | 
(a) find the length of an arc intercepted by a central angle of 1.6 radian. 
(0) find the length of an arc intercepted by a central angle of 60°. 
Solution: (a) Here @=1.6radian , r=10m and /=? 
Since /J=r@ => /=10x16=16m 





(6) @=60°= = 60799 = 5 rad. 


10% 
|=r0210xz=—4— 3m. 


Example 2: Find the distance travelled by a cyclist moving on a circle of radius 15m, if he 
makes 3.5 revolutions. 
Solution: 1 revolution = 27 radians 
3.5 revolution = 27 x 3.5 m 
Distance traveled =/=r 6 
f=15 xX 2% xX3.5 = 105xm 
7.2(ii) Area of a circular sector 
F - Consider a circle of radius r units and an arc of length / units, subtends an angle @ at 
Area of the circle = nr? | | | 
Angle of the circle = 27 a= P Sector area 
Angle of the sector = @radian sit 
Then by elementary geometry we can use the 
proportion, 
area of sector AOBP an 





le of the sector 





area of circle ~ angle of the circle” 
or 4s Rea fi sector AOBP __@. 
a Tr Qn 


a Area of sector AOBP = 2 x Ter? =5 r@ 











eictieeninitet te et eee Oe | 


a 
: 


— 


a 
= 


Solution: Area of sector = s r-@ 


intfoddction: to Trigonometry _ 152 


Example 3: Find area of the sector of a circle of radius 
16cm if the angle-at the fone is 60°.. 


Now PCT r=16cem 


Area of sector = > (16)? () 





=7 056) x(7 5 “ | = 134.1 cm? 


1x3 
EXERCISE 7.2 
1. Find 6, when: | | 
| (i) =2cm , r=3.5cm. (ii) /=4.5m ,r=2.5m 
2. Find /, when: | 
| (i) 6= 180° ,r=4.9cm (i) 6= 60°30’ , r= 15mm 


3. Find 7, when: | | | 
) (i) /=4cm, @=+ radians (ii) /= 52cm , 8 = 45° 


4. ~~ ‘Inacircle of radius 12m, find the length of an arc which subtends a central angle 


@= 1.5 radians. 
3. In a circle of radius-10m, find the distance travelled by a point moving on this circle 
if the point makes 3.5 revolution. . (3.5 revolution = 770). 
6. What’ is the circular measure of the angle between the hands of the watch at 
he 3 o'clock? 
7. ‘What is the length of the arc APB? 
| . } ai 
P 


A 
3. ie a circle of radius 12cm, how long an arc subtends a central angle of 84°. 
9. Find the’area of the sectors OPR. 
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10. Find area of the sector inside a central angle of 20° in a circle of radius 7m, 

11. Sehar is making a skirt. Each panel of 
this skirt is of the shape shown shaded in 
the diagram. How much material (cloth) 
is required for each panel? - 





12. Find the area of the sector with central angle of z radian in a circle of radius 10cm. 


13. The area of the sector with a central angle @ in a circle of radius 2m is 10 square 
meter, Find @1n radians. 

7.3 +Trigonometric Ratios 

7.3(i-a) General Angles (Coterminal angles) 


. An angle is indicated by a curved arrow that shows the direction of rotation ari 
initial to the terminal side. ‘Two or more than two angles may have the same initial and 


terminal sides. Consider an angle ZAOB with OA as initial side and OB as terminal side - 
with vertex O. Let m ZAOB = @radian, where 0 s @S 2n. | 





(i) (11) | (111) 
If the terminal side OB comes to its original position after, one, two or more than two 


complete revolutions in the anti-clockwise direction, then mZAOB i in above three cases will 
be 


(i) Orad after zero revolution 
(ii) (2% + 0) rad. after one revolution’ 
(iii) (4+ @ rad. ‘ - after two revolutions 


Coterminal Angles: Two or more than two angles with the same initial and terminal sides 
are called coterminal angles. 

It means that terminal side comes to its original position after every revolution of 2x 
radian in anti= clockwise or clockwise direction. In general, if @is in degrees, then 360°k + @, 
where k € Z, is an angle coterminal with @ If angle @ 1s in radian Hee then 2kn +0 
where k € Z, is an angle coterminal with @. . ! 

Thus, the general angle @= 2(k) 1+ 0, where k é Z. 
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Example: Which of following angles are coterminal with 120°? 
240°, 480°, te and — i 


Solution: —240° is conterminal with 120° as their terminal side is same 
480° = 360° + 120°, the angle 480° terminates at 120° after one complete revolution. 


3 m=4n +3 an = 720° + 120° the angle =" j is coterminal with 120°. 





ae =—4n +— an = -720°— 120° so ae is not coterminal with 120°. 
7.3(i-b) Angle in ene Position 


A general angle is said to be in standard position if its vertex is at the origin and its 
initial side is directed along the positive direction of the x-axis:of a rectangular coordinate 
system. 

Because all the angles in standard position have the same initial side, the location of 
the terminal side is of importance. The position of the terminal side of an angle in standard 


position remains the same if measure of the angle is increased or decreased by a multiple of 
2. is 


Some standard angles are shown in the following figures: 





‘ Fig. 7.3.1 (a) 
Example: Locate each ‘agls in standard position. 
(i) 240° | _ ii) 490° (iii) —270° 
Solution: The angles are shown in Figure 7.3.1 (b) 


= 360" + 130° 





(ii) 
Fig. 7.3.1 (b) 
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7.3(ii) .The Quadrants and Quadrantal Angles 

The x-axis and y-axis divides the plane in four regions, called quadrants, when they 
intersect each other at right angle. The point of intersection is called origin and is denoted 
by O. 
Angles between 0° and 90° are in the first quadrant. 
Angles between 90° and 180° are in the second quadrant. Second First 
Angles between 180° and 270° are in the third quadrant. Quadrant | Quadrant 
Angles between 270° to 360° are in the fourth quadrant. O : 
An angle in standard position is said to lie in a quadrant if its Third Fourth 
terminal side lies in that quadrant. Angles a 8 yand @lieinI, 0, Quadrant eter ant 
III and IV quadrant respectively in figure 7.3.1. . | 
Quadrantal Angles } 

If the terminal side of an angle in standard position falls on x-axis or y-axis, then it is- 
called a quadrantal angle i.e., 90°, 180°, 270° and 360° are quadrantal angles. The 
quadrantal ae are shown as belowis : 








Fig. 7.3.2 
7.3(iii) Trigonometric ratios and their reciprocals with the help of a unit circle. 

There. are six fundamental trigonometric ratios called sine, cosine, tangent, cotangent, 
secant and cosecant. To define these functions we use circular approach which involves the 
unit circle. 

Let @ be a real number, which represents the radian 
measure of an angle in standard position. Let P (x, y) be any 
point on the unit circle lying on terminal side of @ as shown 
in the figure. | 

We define sine of @ written as sin@ and cosine of @ 
written.as cos@, as: 





sind=Gp=t = -sin@=y 
| OE x a = . 
and = cosO=pp=7 = cos@=x | Fig. 7.3.3 


i.e., cos@ and sin@ are the x-coordinate and y-coordinate of the point P on the unit 
circle. The equations x = cos@ and y = sin@are called circular or trigonometric functions. 
The remaining trigonometric functions tangent, cotangent, secant and cosecant will 
be. denoted by tan@, cot@, sec@ and cosec@ for any real he g. 


- 
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tan 0= op => => tand=~ (x #0) . 





- OE 
= sin@ and 6 => tand= sind 
since va sin@ and x=cos@ => tan0= cos8 
cos@ 
cotd= + (#0) = cot@= in r; 


sec @=~ (x #0) and cosec => (y#0) 





10 epeail 


~ cos @ ~ sin @ 
Reciprocal Identities 


| 1 = 
-- sin@=———> or cosec@= 
cosec@ a= sing 


wel ] 
coso=— Ok SCO O80 


| ] 
or eee tan 





Example 2: Find the value of the trigonometric ratios at @ if point (3, 4) is on the terminal 


sides of 8. 
Solution: We have x = 3 and y= 4 
We shall also need value of r, which is found by using the fact that 


=\x+y? : r=\(3)* + (4)? =./25 = INLETS r=IlOP\ 


r= 

Thus sing=*=4 - cosec@=> i (3, 4) 
Seas 5 
CosO="=% : secO= 3 
eyes = ime) 
a iS aae r cotg=7 





73(iv) The values of trigonometric ratio for 45”, 30°, 60°. 
Consider a right triangle ABC with m Z C = 90°. The 
Sides opposite to the vertices A, B and C are denoted by a, b and c 
" respectively. | 
Case l When m ZA = 45°, where 45° = 4 radian. Since the sum 
ae 180°, som ZB = 45°, 
Es i cians ina ae is SO m 5 
"OF the ne aige°OAty aad ee oP ths size of triangle. For sl 
- : conven & ce. we take a’ sy = 1. ‘To this case the fel is Fig. 7.3.5 
. ele right triangle. % olenn inst 4su . 
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By Pythagorean theorem. 
ct=a2+b2 => c*=(1)?+(1)7=2 
c*=2 7 = c=/2 
From this triangle, we have 
gO nine 2 ke 0 eee 
sin45" = sin == a cosec 45° = Saat /2 
45° = x Di hel ; Ce Sap 
cos cos Amie = sec 45° =~. 45 = 
AKO etian eee — 
tan45°=tang=p=7=1;  cot4s° = aes =] 


Case IT When m ZA=30° or m2ZA=60° 

Consider an equilateral triangle with sides a = b = c = 2 for convenience. Since the 
angles in an equilateral triangle are equal and their sum is 180°, each angle has measure 60°. 
Bisecting an angle in the triangle, we obtain two right triangles with 30° and 60° angles. The 
height lADI of these triangles may be found by Pythagorean theorem, /.e., 





| Fig. 7.3.6 
(AD)? + (BD)? = (AB)? => (AD)? = (AB)? - (BD)? 
n= (Q)—(1P=3 
= h= 3. | 
. Using triangle ADB with m Z A = 30°, we ‘have 


sna0?= sin = 2D ; : | sora ac 


2 
A, bh AD NS) ae 
cos30° = cose = 4p ="4- ip 50030" Sas a 
Be cot 30° = 


aoe 
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AD _\3 seta! ae 





7.3(v) Signs of rigonometic ratios in different quadrants 


In case of trigonometric ratios like sin@, cos@ and tan@if @ is not a quadrantal angle, 


then @ will lie in a particular quadrant. Since r= A) x2 +y* is always +ve, the signs of ratios 
can be found if the quadrant of @is known. 


(i 


(it) 


(iii) 


(ty) 


If 6 lies in first quadrant, then a point P (x, y) on its terminal side has x and y 
co-ordinate positive. 


Therefore, all trigonometric functions are positive in quadrant I. 
If @ lies in 2nd quadrant, then point P(x, y) on its terminal side has negative 
x-coordinate and positive y-coordinate. 


Est sinO=~ is +ve or > 0 cos@= * 7 is —ve or <Q and tan Q=~ is —ve or <Q 


When @ lies in third quadrant, then a point P (x, y) on its terminal side has negative 
x-coordinate and negative y-coordinate. 


sing=~ , is —ve or <0, cosO=~is —ve or <0 and tang=~ is +ve or > 0 


When @ lies in fourth quadrant; then the point P (x, y) on the terminal side of @ has 


positive x-coordinate and negative y-coordinate. 


Z: 


*.. sin@= is —ve or <0, cos@=— 7 is +ve or > 0 and tang=~ 11s ve or <0 


The signs * all trigonometric eae are summarized as ae 









cota@>0 | 





tangent cosine 


y 
sin6> 0 _ sinO>0 
cosec@ > 0 cosec@> ‘ : 
cos8<0 cos@> 0 
secO< 0 secO> 0 | 
-tan@<0 tan@> 0 : 
coté< 0 | 


H 
H 
: T C 


2 ee eR EE | 








sin@< 0 | 
—coscc4 <0 
tan6<0. 
cotd< 0 


- Read ‘ASTC’ as 
_ ‘Add Sugar To Coffee’ 
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7.3(vi) Values of remaining trigonometric ratios if one trigonometric ratio is given 
The method is illustrated by the following examples: 


Example 1: If sin@= = and cos@= vt ’ then find the values of tan@, cot@, sec@ and cosec@. 


Solution: Applying the identities that express the remaining trigonometric functions in terms 
of sine and cosine, we have 


sin@== 4h cose Om = 5s =e = cosecO= 
4 
7 oe 4 
cos@= 4 secO= C088 4/7 = iT 
4 
-3 
sin@_ 4  -3 ae. 
Now tan@= os0 TAT => tan@= 7 
4 
7 
and cot = 
Example 2: If tan@= us then find the values of other trigonometric ratios at @. 
Solution: In any right triangle ABC, B 
Nisin 
tan@=—35 = a == 
AT TY | v5 c a= 
Now by Pythagorean theorem | 
at+b2=c2 = (f5)*+(2)2=02 sO—Ue- 
c=5+4=9 => c=t3 on c=3 pg OT 2 
cotO= —— 
té = coté@ a 
co ~ 4/5 = 
| 5 V5 
2 
] ] 3 
sind= 2-32 ; cosecO=— = COSCO SAT : ooeee da 
a. | 
2 ] ] S) 
Also cosb= 5 4 secO=" = secO=~> of secO=% 
3 





z 
a 





‘on terminal side of angle 180° 
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7.3(vii) Calculate the values of trigonometric ratios for 0°, 90°, 180°, 270°, 360° 

We have discussed quadrantal angles in section 7.3.2. An angle @ is called a 
quadrantal angle if its terminal side lies on the x-axis or on the y-axis. 
CaseI When @=0° 

The point (1, 0) lies on the terminal side of angle &. We may consider the point on 
the unit circle on the terminal side of the angle. 


P (1,0) = x=1 and v=0 SO r=Vxt+y=V1+0=1 








sin0° = : = ? 0 , cosec0°= << = * =eco (undefined) P(1,0) 
noel Bo ae 6 : X-AaX1S 
eral =~ cogge 
tan0° = = = 2 ON cote = a ape (undefined) . > x-axis 
Case IT When @=90° (1,0) 


The point P (0, 1) lies on the terminal side of angle 90° 
Here x=Qandy=1 => r=\07+(1)7=1 
= i —4| 

i.e., sin90°=1 and cosec 90° = ; =] 


Using reciprocal identities; we have 





0 
] 
x= eo (undefined) , cot90° == = 





_ The point P (—1, 0) lies on x’-axis or 


Here x=-l and. y=0 


> r=\x2+y2= 





;  cot180° 
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The point P (0, —1) shows that x=0 and y=-1 


So. r= wh +(-1*=1 


—] 
3 sin270° = =o 75 —] : cosec2 70° =F a; =—] 
1b Us atts ssi 
cos2/0° = lke : sec270° = wa) = 00 
—] x 0 
tan270° = = =—0o ; \=-=—= 
0 - cot 270 yal 0 





Case V When @° = 360° 
Now the point P (1, 0) lies once again on x-axis 
We know that @+2kn=6@ where ke Z. 
Now 6@=360°=0°+(360°)1=0° wherek=1 








: | l l 
So o- o- : err oe, =oco (UY 
sin360°=sin0°=0 ; cosec360° 5in360° > sin0® =5 (undefined) 
cos360° = cos0" = | bey sec360° = = eC imallae l, 
] 7 
tan360° = o° = . o-- fea 
n360° = tan0” =0 ; cot360° = tan0° ) (undefined) 


Example: Find each of the following without using table or calculator: 
(1) cos540° = (ii) sin315° _—_ (iii) sec (—300°) 
Solution: We know that 2kn+ @= 6, where ke Z. 
(1) 540° = (360° + 180°) = 2(1)% + 180° 
cos 540° = cos(2 + ™) = cost = —1 


(ii) sec 315° = sin (360° — 45°) = sin E Ki z) 


| = sin (=) =—sin| = 
Sey 
(iii) sec (—300°) = sec (—360° + 60°) 
= sec (2(-1) Tt + 60°) 





=2 





— 


1 | 

_ o — 
= sec 60 ~ cos60° 1 
2 
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10, 
11. 


EXERCISE 7.3 
Locate each of the following angles in standard position using a protractor or fair free 
hand guess. Also find a positive and a negative angle coterminal with each given 
angle. 


(7) 170° | (ii) 780° (iii) —100° (iv) —500° 
Identify the closest quadrantal angles between which the following angles lies. 5 
(i) 156° (ii) 318° (iii) 572° (iv) —330° 


Write the closest quadrantal angles between which the angle lies. Write your answer 
in radian measure. 


Ore. GS Giz . w= 
In which quadrant @lie when 
(i)  sin@>O0 , tan@<0 (11) cos@<0 , sin@<0 
(iii) sec@>0 , siné<0. (iv) cos@<0 , tan@<0 
(v) cosec@>0 , cos@>0 (vi)sin@<0O , sec@<0 
Fill in the blanks. 
(i) cos(—150°) = ......... cos150° (ii) sin (—310°) =...... .. $in3 10° 
(111) tan (—210°) =......... tan210° (iv) cot (—45°) = ......... cot 45° 
(v) sec (—60°) = ........ . sec 60° (vi) cosec (—137 °) =......... cosec 137° 


The given point P lies on the terminal side of @ Find aaedeant of @ and all six 
trigonometric ratios. 


(i) (-2, 3) (ii) (-3, 4) (iii) (/2, 1) 
<9 
If cos@ = 3, and terminal arm of the angle @ is in quadrant II, find the values of 
remaining trigonometric functions. 
4 ; | : 
If tan@= 3 and sin@< 0, find the values of other trigonometric functions at @ 
aly inl Net Pheer 
If sin@ = 2 and terminal side of the angle is not in quadrant III, find the values of 


tan@, sec@, and cosec@. 


If cosec O= re and sec @> 0, find the remaining trigonometric functions. 


Find the values of trigonometric functions at the indicated angle on in the right 
triangle. 





‘Ee LE || 


OA 
(i) tan30° (ii) tan330° (iii) sec330° 
(iv) cot (v) cos (vi) cosee 
(vii) cos (450°) (viii) tan (—970) (ix) cos (=) 
(x) sin (xi) cot (x11) cos 225° 


7.4 Trigonometric Identities - 
We have discussed trigonometric functions 
(ratios) and their reciprocals in section 7.3. Consider 
an angle “MOP = @ radian in standard position. Let 
point P (x, y) be on the terminal side of the angle. By 
aa theorem, we have from right triangle 
P. 


OM * + MP* = OP2 


+ y*= rt weeee(h) 
Pein both sides by r, we get 
yoy: 
pt p= 


" tand= + 








= (cot@)? + 1 =(cosec@)? 


Y 
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(1) 


r 


- and sec@= i 


(2) 


ay cotd=— and cosec@= 





<I" 


relly 
| he | 


‘Clip ty bint 


his 
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° 1+ cot*@= cosec”@ or cosec?@— cot?@= 1 (3) 
aes | The identities (1), (2) and (3) are also known as Pythagorean Identities. 
| The fundamental identities are used to simplify expressions involving trigonometric 
functions. 
| Example 1: Verify that cotd sec@=cosec@ 
aby Solution: Expressing left hand side in terms of sine and cosine, we have 


cos@ 1 
mie | LHS= =cot@sec@ =" =. ey: 
it ee =—— = cosec@ 
=R.H.S 
Example 2: Verify that tan¢@+ tan?@= tan?@sec"@ 
Solution: L.H.S = tan*@+ tan?@= tan2@(tan?@+ 1)- "" tan2@+ 1 =sec2@. 
_ =tan?@sec?@ : 
- =R.H.S 
Example 3: Show th pencotar + | 
| Pp at oseca— 1 = COseeo 
) ! cot?a@ (*.. cosec2@—- cot?@= ' 
. Solution: L.H.S = —————| ( | 
. cosecar—.1 “ cot*@= cosec*@- 1 
_(Cosec*a@—1) (coseca—1)(cosecar+ 1) _ Z 
= eye L = (Coseca@nl) =cosec @+1=R.H.S 


_- Example 4: Express the trigonometric functions in terms of tan@. 
Solution: By using reciprocal identity, we can express cot@in terms of tan@. 





Fes cotg= a and 
i By solving the identity 1 +tan*@=sec?@ Note: We can express all the 
: b. _ We have expressed sec@in terms of tan@ trigonometric functions in 
ort secO=+Vtan?O+ 1 
| ; pia es, cos@= zal — oie y papain UES 
Soe 8° sec +/tan?0+ 1 







Because sind= tan@cos@, we have 


New A tand 
ind = tan6|————| = ———— 
ee (leas ) +tan?6+1 
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l. 


3. 
3. 


EXERCISE 7.4 _ 0 Shek RE, 


In Problems 1-6, simplify each expression to a single trigonometric function. 


sin*x 
cos*x 2. 


tanx . - 
secx 4. 


sec2x — ] 6. 


In problems 7-24, verify the identities. 


i 

th 

10. 
ll, 
13, 
15. 
16. 
17. 
19. 
21. 


23. 


(1 —sin@(1 + sin@ = cos2@ 8, 

(tan@+ cot@ tan@= sec2@ 

(cot@+ cosec@) (tan@— sin@) = sec@—cos@ 

sin@+cos@ __cos*@ 1D 
tan*@-—1  sin@—cos@ 

sec@—cos@=tan@sind 14. 

tan@+ cot@= sec@cosec@ 


(tan@+ cot@ (cos@+ sin@ = sec@+ cosec@ 





sin@ (tan@ + cot@ = sec@ 18. 
+——— = 2cosec2 20 

1-cos@” 1+cos@ ~~? cae 

sin? @= sin@— sin&os?@ 2255 


T+ e056 “sing 9") 9) SR es Seco 
1—cos@ 1-cos@ PR oN eC) = 


Ms Rut 


te ela 


ut te F rs 
oe mand t K 
yt ait el s 
Sh GOR. 
“eal st she 








tanx sinx secx | 
1 — cos2x 
sin2x . cot2x. 
sin9+ cos _ I Ae 
Cos@) 1 es RCARG uring ey mneeae og 
e 
i 
eOs2O) LINO A RT RT 
ging + Sin@=cosec@ J | 
sin?@ . 9 the 
cose * COO =Hecee is ‘ie 
. a ; ; - 
l+cos@ — sin@ ys me 
sin@ “l+cos@ ~ 08 =) 
ar” 
1+sin l—=sin@ y Re 
Saeeneeeiriarnieniell m Ned 
1—sin@ 1+sing =4tanOsecO Manet 


cos4@= sinto= (cost oti = oat ‘ 









(La 
ae 
> et eee 
ae 
ve 


~ 
ros 


ahi i e- ) 
Lie ee 






> Ve lal os ' 
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7.5 Angle of Elevation and Angle of Depression pa 
One of the objects of trigonometry is to find ) 
_ the distances between points or the heights of : 
. objects, without actually measuring these distances 
or heights. 

Angle of elevation: Suppose O, P and Q are 
three points, P being at a higher level of O and Q 
being at lower level than O. Let a horizontal line 
drawn through O meet in M, the vertical line drawn 


- ae ~ an 
- 





through P and Q. 

The angle MOP is called the angle of - “< 
elevation of point P as seen from O. For looking at “A 
O below the horizontal line we have to lower our | 
eyes and ZMOQ is called the angle of depression. Fig. 7.5.1 


‘We measure an angle of elevation from a horizontal line up to an object or an angle 
of depression from a horizontal line down to an object, see figure 7.5.2. 


Horizontal line 








® 


Angle of elevation observer _ Angle of depression 


Horizontal line 


(a) 


© Object 
Fig. 7.5.2 
7.5(i) Find angle of elevation and angle of depression: 


For finding distances, heights and angles by the use of trigonometric functions, 
consider the following examples: 


Example 1: A flagpole 17.9 meter high casts a 7 meter shadow Find the 
angle of elevation of the sun. 


Solution: From the figure, we observe that o is the angle of elevation. 
Using the fact that 
= = 46 - = aq = 2.55714 
; Solving for & gives us 
Bas: a= tan! (2.55714) 
= ; = (68.6666)° = 68° 40° 
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Example 2: An observation balloon is 4280 meter above the ground and 9613 meter away 
from a farmhouse. Find the angle of depression of the farmhouse as observed from the 
observation balloon. 

Solution: 

P Observation 

| balloon 





Wl (8Zp 


Farm House 






B i | 
For problems of this type the angle of elevation of A from B is considered equal to 
the angle of depression of B from A, as shown in the diagram. 
= fe = ats 0.44523 
= tan7! (0.44523) = 249 
So, angle of tdeweaten is 249, 


EXERCISE 7.5 


Find the angle of elevation of the sun if a 6 feet man casts a 3.5 feet shadow. ~ 

2. A tree casts a 40 meter shadow when the angle of elevation of the sun is 25°. Find the 
height of the tree. 

3. A 20 feet long ladder is leaning against a wall. The bottom of the eines is 5 feet 

from the base of the wall. Find the acute angle (angle of elevation) the ladder makes 


— 
- 


with the ground. 

4. The base of a rectangle is 25 feet and the height of the rectangle is 13 feet. Find the 
angle that the diagonal of the rectangle makes with the base. | 

5. A rocket is launched and climbs at a constant angle of 80°. Find the altitude of the 


rocket after it travels 5000 meter. 

6. An aeroplane pilot flying at an altitude of 4000m wishes to make an approach to an 
airport at an angle of 50° with the horizontal. How far from the airport will the plane 
be when the pilot begins to descend? 

7. A guy wire (supporting wire) runs from the middle of a utility pole to the ground. 
The wire makes an angle of 78.2° with the ground and touches the ground 3 meters 
from the base of the pole. Find the height of the pole. 


8. A road is inclined at an angle 5.7°. Suppose that we drive 2 miles up this road starting _ 


from sea level. How high above sea level are we? 

no: A television antenna of 8 feet height is located on the top of a house. From a point on 
the ground the angle of elevation to the top of the house is 17° and the angle of 
elevation to the top of the antenna is 21.8°. Find the height of the house. 
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10. From an observation point, the angles of depression of two boats in line with this 
point are found to be 30° and 45”. Find the distance between the two boats if the 
point of observation is 4000 feet high. 

ll. Two ships, which are in line with the base of a vertical cliff, are 120 meters apart. 
The angles of depression from the top of the cliff to the ships are 30° and 45°, as 
shown in the diagram. 

(a) Calculate the distance BC 
(b) Calculate the height CD, of the cliff. 





12. Suppose that we are standing on a bridge 30 feet above a river watching a log (piece 
of wood) floating towards us. If the angle with the horizontal to the front of the log is 
16.7° and angle with the horizontal to the back of the log is 14°, how long is the log? 





| MISCELLANEOUS. EXERCISE - 7 
1. Multiple Choice Questions 
Four possible answers are given for the soHowang questions. Tick e, ) the correct 


answer. 
(i) _- The union of two non-collinear rays, which have common end point is called 


(a) an angle (b) a degree (c) a minute (d) a radian 
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(ii) The system of measurement in which the angle is measured in radians is called 
(a) CGS system (b) sexagesimal system 
| (c) MKS system (d) circular system 
(iii) 20°= | 
(a) 360° (b) 630’ (c) 1200’ (d) 3600’ 
(iv) va radians = 
(a) 115° (b) 135° (c) 150° (d) 30° 
(v) If tan @= 4/3, then @is equal to 
my (a) 902 (b) 45° (c) 60° (d) 30° 
(vi)  sec*@= 
(a) 1—sin?@ (b) 1+ tan2@ (c) 1+cos?@ (d) 1 —tan?@ 
et ] ] 
(Vu) T+sin 6" 1—sin 0~ 
(a) 2 sec? (b) 2cos?@ (c) sec?@ (d) cos @ 


(Vili) cosec45° = 





| | 

Oar OF )N2 (d)-> 

(1X) sec 6cot 6= 
sin @ 

(a) sin @ (0) cos re (c) aaa (2) Cos 8 
(x) cosec? @—cot?@= | 

(a) -1 (b) 1 (c) 0 (d) tan @ 
2 Write short answers of the following questions. ‘s 
(i) Define an angle. 


(Ii) What is the sexagesimal system of measurement of angles? 
(iii) | How many minutes are there in two right angles? 
(iv) Define radian measure of an angle. | 


(v) Convert 4 7 radians to degree measure. © 


(vi) | Convert 15° to radians. 
(vii) . What is radian measure of the central angle of an arc 50m long on the circle of radius 


25m? 
(viii) Find r when /=56 cm and @= 45° 


(ix) Find tan @when cos@= ra and terminal side of the angle @is in fourth quadrant. 

(x) - Prove that (1 —sin?@ (1 + tan?@=1 > Sis eo 
3. Fillinthe blanks = Hea 
(1) mradians=___————Cegrree.. | -: = 





. 
o -—-— ao ee 
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(ii) 
(iii) 
(iv) 
(v) 
(vi) 
(vii) 


(viii) 


_ (ix) 


(x) 


> 





The terminal side of angle 235° lies in quadrant. 
Terminal side of the angle —30° lies i in _ quadrant. 
Area of a circular sector is 

If r= 2 cm and @= 3 radians.then area of the circular sector is 


The Oa form of the angle 480° is 

If sind=5 , then 6= 

If = ate, then sec (—300)° = 

1 +cot?@= 

Sec @—tan 0= 
SUMMARY 

If we divide the circumference of a circle into 360 equal arcs, then the angle 

subtended at the centre of the circle by one arc is called one degree and is denoted by 


ee 
The angle subtended at the centre of the circle by an arc, whose length is equal to the 
radius of the circle, is called one radian. 


Sl between radian and degree measure 
180 
v= iF Jen radians , ~ 0.0175 radians and | radian = ee = is ~ 57.295 degrees 
Relation between central angle and arc length of acircle: J=r@ 
Area of a circular sector, A= $76 


‘Two or more than two angles with the same initial and terminal sides are called 


coterminal angles. 

An angle is called a quadrantal angle, if its terminal side lies on the x-axis or y-axis. 

A general angle is said to be in standard position if its vertex is at the origin and its 
initial side is directed along the positive direction of the x-axis of a rectangular 


coordinate system. 


“There are six fundamental trigonometric ratios (functions) known as sine, cosine, 


tangent, cotangent, secant and cosecant. 


Trigonometric Identities: (a) cos?@+sin26 = 1 


(b) 1+tan?@ = sec2@ 
(ce) 1+ cot?@= cosec?@ 








Unit-8 


PROJECTION OF A SIDE OF 
A TRIANGLE 





In this unit, students will learn how to 





Prove the following theorems along with corollaries and apply them to 
solve appropriate problems. 

In an obtuse-angled triangle, the square on the side opposite to the 
obtuse angle is equal to the sum of the squares on the sides containing 
the obtuse angle together with twice the rectangle contained by one of 
the sides, and the projection on it of the other. 

In any triangle, the square on the side opposite to an acute mele is 
equal to the sum of the squares on the sides containing that acute angle 
diminished by twice the rectangle contained by one of those sides and 
the projection on it of the other. 

In any triangle, the sum of the squares on any two sides is equal to twice 
the square on half the third side together with twice the square on the 
median which bisects the third side (Apollonius’ Theorem). 
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THEOREM 1 


8.1) In an obtuse angled triangle, the square on the side opposite to the obtuse angle 
is equal to the sum of the squares on the sides containing the obtuse angle 
_together with twice the rectangle contained by one of the sides, and the 
projection on it of the other. 


Given: ABC is a triangle having an obtuse angle 
BAC at A. Draw CD perpendicular on BA produced. 
So that AD is the projection of AC on BA produced. 


Take mBC = a, mCA = b, mAB = c, 
mAD =x and mCD = h. 





| To se (BC) = (Ac? + (AB) + 2(mAB) (mAD) 
ae he., a*=b*+c2+2cx 


Proof: | 
Statements | Reasons 
In Zrt4 CDA, 
mZCDA = 90° Given 
oo (AC)? = (AD)? + (CD)? Pythagoras Theorem 
or bt = x2 +f? (i) 
In ZrtA CDB, 
mZCDB = 90° Given 
(BC)? = (BD)? + (CD)? | | Pythagoras Theorem 
or a*=(c +x)2+h? | BD =BA+AD 
e284 ex t22 4h? > (ii) 
Hence a?=c*?+2cx+b Using (i) and (ii) 


aa | ee, he. @a2=b*?+c*+2cx 
| (BC)? = (AC)? + (AB)? + 2(mAB) (mAD) 





eer enc 
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Example: In a AABC with obtuse angle at A, 

if CD is an altitude on BA produced and 
mAC = mAB | 

Then prove that (BC)* = 2(AB)(BD) 

Given: In a AABC, mZA is obtuse mAC =mAB B 
and CD being altitude on BA produced. 





To prove: (BC)? = 2(mAB)(mBD) 
Proof: In a AABC, having obtuse angle BAC at A. 
Statements Reasons 


(BC)? = (BA)? + (AC)? + 2(mBA)(mAD) By Theorem ] 
= (AB)? + (AB)?+2(mAB)(mAD) — | Given 
= 2(AB)? + 2(mAB)(mAD) 
(BC)? = 2mAB(mAB + mAD) On the line segment BD, 
= 2mAB (mBD Point A is between B and D 


EXERCISE 8.1 
1. Given mAC = lcm, mBC = 2cm, mZC = 120°. 
Compute the length AB and the area of AABC. 
Hint: (AB)? = (AC)? + (BC)? + 2mAC. mCD 
where (mCD) = (mBC) cos (180° — mZC) (Use theorem 1). 


2. Find m AC if in AABC m BC = 6 cm, m AB = 4/2 cm and mZABC = 135°. 
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THEOREM 2 


8.1) In any triangle, the square on the side opposite to acute angle is equal to sum of 
the squares on the sides containing that acute angle diminished by twice the 
rectangle contained by one of those sides and the projection on it of the other. 


Given: AABC with an acute angle CAB at A. 
Take mBC=a, mCA=b and mAB=c 
Draw CD.1AB so that AD is projection of AC on AB 


Also, mAD=xandmCD=h 
To prove: (BC)= (AC)? + (AB) — 2(AB) (AD) 





i.é., a? = b2 + c2 — 2cx 
Proof: 
Statements Reasons 
In Zrt ACDA 
mZCDA= 90° Given 
2 
An. en a (i) Pythagoras Theorem 
In Zrt A CDB, 
mZCDB = 90° Given 
(BC)? = (BD)? + (CD) : Pythagoras Theorem 
a? = (c-x)? + h From the figure 
or a* = c2 —2cx + x? +h? (ii) 
a? = c2 -2cx + b? Using (i) and (ii) 


Hence, a*=b* + c?—2cx 
ie., (BC)?=(AC)? + (AB)? — 2(AB) (AD) 
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THEOREM 3 
(APOLLONIUS’ THEOREM) 


8.1.(@ii) In any triangle, the sum of the squares on any two sides is equal to twice the 
square on half the third side together with twice the square on the median which 
bisects the third side. 


Given: In a AABC, the median AD bisects 


BC. i.e., mBD =mCD 
To prove: (AB)? + (AC)?= 2(BD)2 + 2(AD)2 


Construction: Draw AF 1 BC 





Proof: | | 
: Statements. 3 Reasons: 
In AADB Since ZADB i is acute at D | | 
(AB)? = (BD)? + (AD)? — 2 mBD. mFD (i) Using Theorem 2 
Now in AADC since ZADC is obtuse at D 
~. (ACP =(CD)2+ (AD? +2mCD.mED | gin Theorem 1 
= (BD)? + (AD)? + 2 mBD . mFD (ii). | 7 ahs 
Thus (AB)? + (AC)?= 2(BD)? + 2 (AD)? _____| Adding (i) and (ii 


Example 1: In AABC, ZC is obtuse, AD1BC ptoduced, whereas BD is projection of AB 
on BC. Prove that (AC)? = (AB)? + (BC)? — 2mBC.mBD 
Given: In a AABC, ZBCA is obtuse so that ZB is: 
acute, ADLBC produced, whereas BD is projection 

’ of AB on BC produced, ) 

To prove: (AC)? = (AB)2 + EON 2mBC .mBD _ 
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Proof: x | . 


_ Statements trina: ____Reasons___ 

In Zrt AABD : | 

(AB)? = (AD)? + (BD)? _' (i) _| Pythagoras Theorem 

‘In Zrt AACD | 

(AC)2=(AD)?+(CD)? (ii) Pythagoras Theorem 
sa (AC)* = (AD)? + (BD - BC)? mBC +mCD=mBD _ 

(AC)? =(AD)2 + (BD)? + (BC)? — 2BC.BD Gide || 

Ze 2 2 
eo) (AB)? + (BC) — 2BC.BD z . --| Using (i) and (iii) 


Example 2: im an Isosceles ‘ABC, if 
mAB = mAC and BE 1 AC, en prove that 


(BO? = -2mAG.mCE 
Given: In an Isosceles AABC 


___ mAB=mAC and BE 1 AC 
whereas CE is the projection of BC upon -: AC. 
To prove: (BC)? = 2mAC . mCE 





Proof: _ ; fe a SS ft 
. | _ Statements _ | __ Reasons 
In an 1 isosceles AABC with mAB = : mAC. If ZC is ris Se 
then (AB)?=(AC)? + (BC)? —2mAC.mCE | By Theorem 2 
(AO)? =(AC)2+ (BC)2=-2mACmCE Given mAB = mAC 
= (BC)? — GE =i) | | Cancel (AC)* on both sides 


or (BC)? = 2mAG . mCE 
| | EXERCISE 8.2 
In a AABC calculate mBC when mAB = 6cm, mAC = 4cm and mZA = 60°. 


2. In a AABC, mAB = 6 cm, mBC = 8 cm, mAC = 9 cm and D is the mid point of side 
_ AC. Find length of the median BD. 
2} In a parallelogram ABCD prove that (AC)? + (BD)? = 2 [(AB)2 + (BC)2] © 
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REVIEW EXERCISE 8 
In a AABC, mZA = 60°, prove that (BC)? = (AB)? + (AC)? — mAB . mAC. 


Ina AABC, mZA = 45°, prove that (BC)? = (AB)? + (AC) —-/2 mAB ..mAC. 


In a AABC, calculate mBC when mAB =5 cm, mAC =4 cm, mZA = 60°. 

In a AABC, calculate mAC when mAB=5 cm, mBC= 4/2 cm, mZB = 45°. 

In a triangle ABC, mBC = 21 cm, mAC = 17cm, mAB = 10 cm. 

Measure the length of projection of AC upon BC. | 

In a triangle ABC, mBC = 21 cm. mAC = 17cm, mAB = 10 cm. 

Calculate the projection of AB upon BC. 

In a AABC, a = 17cm, b= 15 cmandc = 8 cm. Find mZA. — 

In a AABC, a= 17cm, b= 15 cm and c= 8 cm find mZB. 

Whether the triangle with sides $ cm, 7 cm, 8 cm is acute, obtuce or right angled. 
Whether the triangle with sides 8 cm, 15 em, 17 cmis acute, obtuce or right angled. 


SUMMARY 
The projection of a given point on a line segment is the foot of | drawn from the 
point on that line segment. If CD L AB, then evidently D is the foot of perpendicular 
CD from the point C on the line segment AB. 


aenenewemengen (OY 


Ao 2 SD ESE } 
The projection of a line segment CD on a line segment AB is the portion EF of the 
latter intercepted between foots of the perpendiculars drawn from C and D. However 


projection of a vertical line segment CD ona line segment AB is a point on AB which 


is of zero dimension. — | : 
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| 
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-ang ns gle, the square on the side opposite to the obtuse aele is 
un ree the squares on the sides containing the obtuse angle together with 
1€ rectangle contained DY: one of the sides, and the projection on it of the 


ethe: square on the side opposite to an acute angle is equal to the sum 
of the sql vares on the sides containing that acute angle diminished by twice the 
ctangle containec by one of those sides and the projection on it of the other. 


m of the squares on any two sides is equal to twice the square 
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Unit-9 





CHORDS OF A CIRCLE 


In this unit, students will learn how to 






Prove the following theorems alongwith corollaries and apply them to | 
| solve appropriate problems. 
2a One and only one circle can pass through three non collinear points. 
22 A Straight line, drawn from the centre of a circle to bisect a chord | 
(which is not a diameter) is perpendicular to the chord. . 
2a Perpendicular from the centre of a circle on a chord bisects it. 
2a If two chords of a circle are comariens then they will be equidistant from | 
| the centre. 
2a Two chords of a circle which are equidistant from ine centre are 
congruent. 
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Basic concepts of the circle a 
A circle is the locus of a moving point P in a plane which is always equidistant from | 
some fixed point O. The fixed point O not lying on the circle is called the centre, the constant 
distance OP is its radius whereas the boundary traced by moving point P is called 
circumference of the circle. 
Note that the radial segment of a circle is T 
a line segment, determined by the centre and a 
point on the circle. There is only one centre point 
whereas all the radii of a circle are equal in length. 
In the adjoining figure (1) of the circle, the 


length of radial segment = mOP = m0 = mOT 


Fig. (1) 


| | 2mr is the circumference of a circle with 
radius 7 whereas an irrational number 7 being the 
ratio of the circumference and the diameter of a 


given circle. Jul; Yj 
An are ACB of a orl is any portion of Y 


y 
its circumference. 


A chord AKB of a siicle is a line segment we 
joining any two points A and B on the 


circumference of a circle. Whereas diameter POO 
is the chord passing through the centre of a circle. 
Evidently diameter bisects a circle. Fi ig. (i) 
ou A segment is the portion of a circle B 
bounded by an arc and a corresponding chord. 
Evidently any chord-divides a circle into two 
segments. | 
In figure (ii) the bigger area aa by J 
slanting line segments is the: major segment 
i . whereas the smaller area shown by abating is the 
minor segment. 3 
A sector of a circle is the plane figure 7 Fis. (ii 
a bounded .by two radii and the arc intercepted : ig. (ill) 
A A between them. Any pair of radii divides a circle 
Ln into two sectors. 
In the figure (iii) OAIB is the minor sector, whereas OAIB i is the major sector of the 






minor sector 





major sector 







a ie ZAOB is the central aris of. a circle whose vertex is at the centre O and its arms 
i Beas cnet of the ar AP. 
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THEOREM 1 | 

9.1) One and only one circle can pass through three non-collinear points. 
Given: A, B and C are three non collinear points in ¢ 
a plane. 
To prove: One and only one circle can pass through 
three non-collinear points A, B and C. 
Construction: Join A with B and B with C. 
Draw DF | bisector to AB and HK bisector to BC. 

So, DF and HK are not parallel and they 
intersect each other at point O. Also join A, B and C 
with point O. | 








Proof: 
Statements Reasons 

: Seam it DF 1 bisector to AB 
Every point on DF is equidistant from A and B. (construction) 
In particular mOA = mOB (i) 
Similarly every point on HK is equidistant from | HK is 1 bisector to BC 
B and C. ; (construction) 
In particular mOB = mOC 3 (11) 


Now 0 is the only point common to DF and HK which 


is equidistant from A, B and C, 
i.e., mOA = mOB = mOC tes, Using (i) and (ii) 
However there is no such other point expect O. 

Hence a circle with centre O and radius OA will pass through A, B and C. 
Ultimately there is only one circle which passes through three given points A, B and C. 
Example: Show that only one circle can be drawn : 
to pass through the vertices of any rectangle. 

Given: ABCD is a rectangle. 

To Prove: Only one circle can be drawn through the 
vertices of the rectangle ABCD. ; 
Construction: ‘Diagonals AC and BD of the rectangle 
meet each other at pointO. 











_To prove: OM 1 the chord AB. 
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) Sites Statements ; Reasons 
“ABCDisa rectangle. 3 | Given 
mAC = mBD (1) Diagonals of a rectangle 
are equal. 
-- AC and BD meet each other at O | Construction 
. mOA = mOC and mOB = mOD (ii) | Diagonals “ of rectangle 
| bisect each other ; 

= mOA = mOB = mOC = mOD (ii) Using (i) and (ii) 


.Lé., point O is equidistant from all vertices of the 
rectangle ABCD. 

Hence OA, OB, OC and OD are the radii of the circle 
which is passing: through the vertices of the Sn a 
having centre 0. 


| TH EOREM 2 
9.1@i) A straight line, drawn from the centre of a circle to bisect a chord 
(which is not a diameter) is perpendicular to the chord. 
Given: M is the mid point of any chord AB of a circle 
with centre at O. 


Where chord AB is not the diameter of the circle. 


Construction: Join A and B with centre O. 
Write 2 1 and £2 as shown in the figure. - 





_ Statements : Reasons 
In A OAM © AOBM 
_ mOA = mOB - | 7a | Radii of the same circle 
mAM=mBM Given 
mOM = mOM as COMMON 955 
we AQAM = AOBM ; gh AL S.8.S8=S.8.58 
=> mZil=mZ2 Ary Gi) Corresponding __sides_ of 
. ) . Ae congruent triangles 
ie, mZ1+m Z2=mZAMB = 180° i Adjacent supplementary angles 
s mZ1=mZ2=90° | From (i) and (ii) 
ie, OM 1 AB 
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THEOREM 3 
9.1(ui) Perpendicular from the centre of a circle on a chord bisects it. 
Given: AB is the chord of a circle with centre at O 
so that OM | chord AB. 

To prove: M is the mid point of chord AB 
i.e., mAM = mBM 
Construction: Join A and B with centre O. 





Proof: | 
Statements 
In Zrt AS OAM © OBM 
mZOMA = m2ZOMB = 90° -_ Given 
hyp. mOA =hyp. mOB. ~ | Radii of the same circle 
mOM =mOM ‘Common | 
AOAM = AOBM In Zrt AS H.SZHS 
Hence, mAM = mBM . _Corresponding sides of. 


congruent triangles 
= OM bisects the chord AB. : 
Corollary 1: bisector of the chord of a Grele passes through the centre of a circle. 
Corollary 2: The diameter of a circle passes through the mid points of two parallel chords 
of a circle. . 
Example: Parallel lines passing through the: points of intersection — 
of two circles and intercepted by them are equal. 

Given: Two circles have centres O, and O,. 
They intersect each other at points £ and F. 

AB \| CD 
To Prove: mAB = mCD | 
Construction: Draw PT and RS | both AB and 
CD and join the:centres O, and QO). 


Proof: t nas la a | | 3 = 
Statements ____ Reasons» 
PRST is arectangle ee: Construction 
A PR le | Rie | 
Now mPR=mPE+mER_ | 
=1mAE+3m EB By Theorem 3 


=) 








ab) 'yiel. 
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=> (m AE +m EB) 
m PR => (mB) @. mAE + mEB = mAB 
Similarly mTS =4 mCD (iii) 
= 5 AR ; mCD | Using (i), (ii) and (iii) 





EXERCISE 9.1 

Dk Prove that, the diameters of a circle bisect each other. 

2. Two chords of a circle do not pass Uircust the centre, Prove that they cannot bisect 
each other. 
ge): SSM IE length of the chord AB = 8cm. Its distance from the. centre is 3 cm, then find the 

diameter of such circle. 
4. __ Calculate the length of a chord which stands at a distance 5cm from the centre of a 
_ _ circle whose radius is 9cm. 
THEOREM 4 


9.1 (iv) If two chords of a circle are congruent then 
_ they will be equidistant from the centre. 


Given: AB and CD are two equal chords of a circle 
with centre at O. 
So that OH 1 AB and OK 1 CD. 

To prove: mOH = mOK | 

Construction: Join O with A and O with C. 

So that we have ZrtA*® OAH and OCK. 





“Statements _ Ware Reasons 
TH bisects chord AB i | OH LAB By. Theorem 3 
ike en mAH = mB = (i) 
Similarly OK Beer nora CD a | OK 1 CD By Theorern 3 
ie, mCR= 1 cD sero)? |." 


Proof: 
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But mAB=mCD (iii) | Given 

Hence mAH = mCK (iv) | Using (i), Gi) & Gi) 

Now in Zrt AS OAH < OCK Given OH 1 AB and OK 1 CD 
hyp OA=hypOC - Radii of the same circle 
mAH = mCK Already proved in (iv) 
AOAH = AOCK : H. S postulate 


mOH = mOK 





THEOREM 5 
9.1(v) Two chords of a circle which are equidistant 
from the centre, are congruent. 


Given: AB and CD are two chords of a circle with centre at O. 
OH LAB and OK LCD, so that mOH = mOK 
To prove: mAB = mCD | | 


Construction: Join A and C with O. So that we can form 
Zrth’ OAH and OCK. 





Statements | : Reasons 
In Zrt A’ OAH © OCK. | | , 
hyp OA =hyp OC Radii of the same circle. 
mOH = mOK | : | _ | Given 
A OAH =A OCK H.S Postulate - 
So mAH = mCK (i) | Corresponding sides of 
| | congruent triangles 
But mAH => mAB Gi) | OF Lchord AB Given) 
Similarly mOK =5 mCD (ii) | OK Lchord CD (Given) 
Since mAH=mCK mi. _ | Already proved in (i) - 
+m AB =%m CD Using (ii) & (ii) 


or mAB=mCD 


Example: Prove that the largest chord in a circle is the diameter. 
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Given: AB is a chord and CD ‘is the diameter of a circle 
with centre point O. 


To prove; If AB and CD are distinct, then mCD > mAB. C £ 
Construction: Join.O with A and O with B then form a A-OAB. ho 
| ; ed AN. 4 
- Proof: Sum of two sides of a triangle is greater than its-third side. 
In AOAB => mOA+mOB>mAB (1) 
‘But OA and OB are the radii of the same circle with centre O. 


_ So that mOA + mOB = mCD (ii) 


= Diameter CD > chord AB using (i) & (ii). 
Hence, diameter CD is greater than any other chord drawn in the circle. 


EXERCISE 9.2 


1: Two equal chords of a circle intersect, show that the segments of the one are equal 
corresponding to the segments of the other. 
2: AB is the chord of a circle and the diameter CD is perpendicular bisector of AB. 
. Prove that mAC = mBC. 


As shown in the figure, find the Giese between 
two parallel chords AB and CD. 


W 





. MISCELLANEOUS EXERCISE 9 
. Multiple Choice Questions: | 
_Four possible answers are given for the following questions. 
Tick (~) the correct answer. 


-—s )_:—~S In the circular figure, ADB is called | 
ea (a) anarc (b) asecant B 
+ a oo cee: -. (C)PE achord . wi) adiameter | A 


ole iu 
— 
. 
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* 
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(it) 


(iii) 


(iv) 


(v) 
(vi) 
(vii) 
(viii) 
(ix) 
@ 


(xi) 
(xii) 


— @) Z (b) sc Ares ae (c)- 1 


-(c) congruent (d) perpendicular 


In the circular figure, ACB is called 


(a) anarc (6b) asecant 
(c) achord (d) adiameter B 


A 
In the circular figure,.AOB is called 
(a) anarc (6) asecant 
(c) achord (d) a diameter RB 


In a circular figure, two chords AB and CD are 
equidistant from the centre. They will be 
(a) parallel (6) non congruent 





Radii of a circle are | ris 
(a) all equal | (b) . double of the diameter 


(c) all unequal (dq) half of any chord 

A chord passing through the centre of a circle is called 

(a) radius (6). diameter | 

(c) circumference (d) secant 

Right bisector of the chord of a circle always passes through the 

(a) radius | (b) circumference 

(c) . centre (d) diameter 

The circular region bounded by two radii and the corresponding arc is called 

(a) . circumference of a circle (b) sector of a circle 

(c) diameter of a circle _ (d) _ segment of a circle 

The distance of any point of the circle to its centre is called 

(a) radius (b) diameter  (c) achord (dq) anarc 

Line segment joining any point of the circle tothe centreiscalled 

(a) circumference - (6b) diameter 

(c) radial segment : (dq) perimeter 

Locus of a point in a plane equidistant from a fixed pointis called _ ; 
(a) radius (b) circle (c) circumference (d) diameter 


The ‘symbol for a triangle is denoted by 
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(xiii) A complete circle is divided into 
(a) 90 degrees (b) 180degrees. (c) 270degrees (d) 360 degrees 


‘(xiv) Through how many non collinear points, cama circle pass? 


(a2) one (6) ‘two (c) three (d) none 
- Q.2. Differentiate between the following terms and illustrate them by diagrams. 
" (i) . Acircle and a circumference. 


(ii). | Achord and the diameter of a circle. 
(iii) | Achord and an arc of a circle. 

(iv) Minor arc and major arc of a circle. 
(v) Interior and exterior of a circle. 

(vi) A-sector and a segment of a circle. 


SUMMARY 


> 2m is the circumference of a circle with radius’r. 

> 77” is the area of a circle with radius r. 

> Three or more points lying on the same line are called collinear points otherwise 
| they are non-collinear points. 

> The circle passing through the vertices of a triangle is called its circumcircle 


whereas | bisectors of sides of the triangle provide the centre. 
> One and only one circle can pass through three non-collinear points. 
> A straight line, drawn from the centre of a circle to bisect a chord (which is not a 
: diameter) is perpendicular to the chord. 
> Perpendicular from the centre of a circle on a chord bisects it. 
> If two chords of a circle are congruent, then they will be equidistant from the centre. 
> Two chords of a circle which are equidistant from the centre are congruent. 








Unit-10 


TANGENT TO A CIRCLE. 





In this unit, students will learn how to 


Prove the following theorems alongwith corollaries and apply them to 
solve appropriate problems. | 
If a line is drawn perpendicular to a radial segment of a circle at its 
outer end point, it is tangent to the circle at that point. 

The tangent to a circle and the radial segment joining the point of 
contact and the centre are perpendicular to each other. 

The two tangents drawn to a circle from a point outside it, are equal in 
length. : 








‘If two circles touch externally or internally, the distance between their It 








centres is respectively equal to the sum or difference of their radtt. 





189 


TangenttoaCircle © 190 


Definition: A secant is a straight line which cuts the circumference of a circle in two distinct 
points.-In the figure / indicates the secant line to the circle C). 


Definition: A tangent to a circle is the straight line which touches the circumference at a 
single point only. The point of tangency is also known as the point of.contact. In the figure 


7 
eS ey 
= 


re 
= 


AB indicates the tangent line to the circle C). 





+ THEOREM 1 


PRT ANT aline is drawn perpendicular to a radial segment of a circle 
at its outer end point, it is tangent to the circle at that point. 









Var “CO BB 
. - Given: A circle with centre O pad OC is the radial segment. AB is perpen to OC 
| ot its outer end C. 
fs To prove: ABis a tangent to the circle at C. | 
4 .s hme! ai : ae ; F > 
re, Construction: Take any point P other than C on AB. join O with P. 
| ‘a f Pp A, of: ro ‘ 
| ais we _ Statements | . ___ Reasons 
a an ‘In ACP, che ate 





. — one & il, 
mZOCP = 90° | | AB L OC (given) 
oe man | Acute angle of right angled 
, | triangle. 
| Greater angle has greater side. 
perce to it. 
Die re 
ft ti oe ee 
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P is a point eats Oh circle. 
Similarly, every point on AB except C 


lies outside the circle. 


eo 
Hence AB intersects the circle at one point C only. 


oy 
i.é., AB is a tangent to the circle ab one 
point only. 





THEOREM 2 


Mathematics 10 


| OC is the radial segment. 





10.1(¢i) The tangent to a circle and the radial segment joining the point of contact 


and the centre are perpendicular to each other. 





A P 
Given: a a circle with centre O has radius OC, 
ABi z the tangent to the circle at point C. 





To prove: AB and radial segment OC are perpendicular to each once 
Construction: Take any point P other than C on the tangent line AB. - 


Join O with P so that OP meets the circle at D. 
Proof: a wa 
Statements 


AB is the tangent to the circle at point C. Whereas | 
-| Construction 
Radii of the same circle 


OP cuts the circle at D. 


. Reasons 


Given 


Point P is outside the circle. 


| Using (i) and (ii) 


at mOC = mOD | (i) 

But mOD <m OP (il) 
mOC <mOP ) 

So radius OC is shortest of all lines that can be 

drawn from O a the tangent line AB 

Also OC L AB 


Hence, radial segment OC is perpendicular to the 
tangent AB. 


: *NOTFORSALE-PESRP 
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Corollary: There can only be one perpendicular drawn to the radial segment OC at the point 
53 C of the circle. It follows that one and only one tangent can be drawn to the circle at 
the given point C on its circumference. 


THEOREM 3 


| a 10.1(iii) Two tangents drawn to a circle from a point outside it, are equal in length. 








Given: Two tangents PA and PB are drawn from an external point P to the 







circle with centre O. 
: ; pare prove: mPA = = mPB ~ Le 
| aes & || , ' AS ction: Join O with A ,BandP, 
F PB ee so that we e form Zrth® OAP and OBP. 

















: “3 in . A ite Statements Reasons 
ah su In Zi OAP © OBP 


z= i 3 = 
\ZOAP =mZOBP = 90° Radii | to the tangents PA and PB 






Common 
2 2a vomnamat Radii of the same circle. 
pe be “Sonn s8onr Aewng In Zrt A’ HSZHS 
sf ~sledaapaesy wT A.4- 
Hence, Fiz emai) _—- 
Note: The le ngt h of : “a a tang gent to acircle is measured from the given point 


Ay oc int f contac d 
i —. wee nr r 
tO the pe 01 . Ol 6 tac z 


Coroll ry: If 0 is the cen n re of 3 circle and two tangents PA and PB are drawn frond an 


mh 


‘ternal point Pth en OP , the ri right bisector of the chord of contact AB. 


a diam ek a penises it centre 0. ‘angents are drawn at the end 


iB. ‘Show th: the 10 ang nts are | Tt paral ) Bian mn 


= —on os 












Given: AB is a diameter of a given circle with centre O. 
CD is the tangent to the circle at point A 


and EF is an other tangent at point B. ys devine Sirtieal fa aula 


° i — +4, 
To prove: CD // EF . A jhe Roeper GRD 
















Proof: 





> 
ew asthe t “t aves oe Ser ro 


Statements xis | Reso r 
aan aa a by 
AB is the diameter of a circle with centre OQ | Given Sag Fm: Oe OF i aha aa 


Dy OA ae OB are radii of the same circle. 


~ Moreover CDi isa atsee to the circleatA. ~~ y “alpemaniae: 








~ OAL cD Saar? - ell y Theorem 1 a: % fae , “el 
2fB ae CD mt. \ @ “adaes eS a ce ” tao oe 
Similarly EF; is 3 tangene at Point B. ‘= 2 an 


So OB L EF | 
= <ABLEF ig ‘i 


2 2 
- Hence CD||l EF a Bs 
a : . <e . 


: hits d EF ‘are perpendicular 


ae 5] dt bys) | to AB AB) 


r qr 7 ee 
trish All 


le 
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F Example 2: In a circle, the tangents drawn at the ends of a chord, 
make equal angles with that chord. 





Given: AB is the chord of a circle with centre O. 
ad 3 : -——_—) 
CAD is the tangent at point A and EBF is an other tangent at point B. 
To prove: mZBAD = mZABF 
Construction: Join O with A and B so that we form a AOAB 
then write 21, 22, 23 and £4 as shown in the figure. 
Proof: | F 
‘ i Siiaecit | | : Reasons 
In A OAB | Construction 
“sm OA=mOB ? | Radii of the same circle. . 
i. Ay aes @ Angles opp. to equal sides 
Also *,’ “ OA 1 CD | Radius is 1 to the tangent line 
Rae » m3 = mZOAD = 90° (ii) 
owas © iuiisiy OB 1 EF a: | Radius is | to the tangent 





We ae Ty GAGS, £4 = = =mZOBF = = 90° (iii) 
$5 Bit’ ules Cr mZ3= mZ4 (iv) | Using (ii) and (iii) 
mai eb m3 = mZ2 + mZ4- Adding (i) and (iv) 














if ie i 
«, =) 
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EXERCISE 10.1 
1. Prove that the tangents drawn at the ends of a diameter in a given circle 
must be parallel. 


2: The diameters of two concentric circles are 10cm 
and Scm respectively. Look for the length of any 
chord of the outer circle which touches the inner 
one. 


(Hint) From the figure 
mAB = 2x = 2>/25 — 6.25 =2 V/18.75 = 8.7cm 





i oH 
a: AB and CD are the common tangents drawn to the pair of circles. 
If A and C are the points of tangency of Ist circle where B and D 


are the points of tangency of 2nd circle, then prove that AC // BD. 


THEOREM 4(A) 
10.1(iv) If two circles touch externally then the distance between their centres 


is equal to the sum of their radii. 
A 





B 
Given: Two circles with centres D and F respectively touch each other externally at point C. 
So that CD and CF are respectively the radii of the two circles. — 
To prove: Point C lies on the join of centres D and F and mDF = mDC + mCF - 
Construction: Draw ‘ACB as a common tangent to the pair of circles at C. 





— = =a 
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Proof: x = 
Statements Reasons _ 


) Both circles touch externally at C whereas CD is | 
radial segment and ACB is the common tangent. 


* . mZACD=90° (i) 


is ee ee 
4 * 


Radial ‘segment CD 1 the 
| tangent line AB 


ae . 
+ 
t 
a 


| _ Similarly CF is radial segment 
and ACB is the common tangent — 


Radial - CF 1 the 


fc : segment 
es eg (u) tangent line AB 
mZACD + mZACF = 90° + 90° Adding (i) and (ii) 
zr 2D CF = 180° Git) Sum of supplementary 
adjacent angles 
Hence DCF i is a line segment with point C between 
Dand F 


and mDF = mDC + mCF 
EXERCISE 10. 2 


13 AB and CD are two equal chords in a circle with centre O. H and K are respectively 
_ the mid points of the chords. Prove that HK makes equal angles with AB and CD. 
2. The radius of a circle is 2.5 cm. AB and CD are two chords 3.9cm apart. 
If mAB = 1.4 cm, then measure the other chord. 


3: ‘The radii of two intersecting circles are 10cm and 8cm. If the length of their common 
chord is 6cm then find the distance between the centres. 


4. - Show that greatest chord in a circle is its diameter. 


THEOREM 4(B) 


10.10) If two circles touch each other internally, then the point of contact lies on the 


line segment through their centres and distance between their.centres is equal to 
. the difference of their radii. 
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Given: Two circles with centres D and F touch each other internally at point C. 
So that CD and CF are the radii of two circles. 
To prove: Point C lies on the join of centres D and F extended and m DF = mDC — mCF 
————} : 
Construction: Draw ACB as the common tangent to the pair of circles at C. 
Proof: 


Statements Reasons | 


Both circles touch internally at C whereas ACB is the 


common tangent and CD is the radial segment of the 
_ first circle. 


LANE I AL ) | Radial segment CD 1 the 
"| tangent line AB 
Similarly ACB is the common tangent and CF : 
is the radial segment of the second circle. =| | ev, | 
mZACF = 90° (ii) Radial segment CF 1 the 

| tangent line AB. 

=> mZACD = mZACF = 90° | Using (1) and (ii) 


Where ZACD and ZACF coincide each other 

with point F between D and C. 

Hence mDC = mDF + mFC 

Lé., mDC — mFC = mDF 

or mDF = mDC — mFC _ | i 
Example 1: Three circles touch in pairs externally. Prove 
that the perimeter of a triangle formed by joining centres is 
equal to the sum of their diameters. ” 
Given: Three circles have centres A, B and C their radii are 

_ 1), fy and r, respectively. They touch in pairs externally at D, 

E and F. So that AABC is formed by Jone the centres of 
these circles. 
To prove: 
Perimeter of AABC = 27, + 2r, + 27, = 4, +d, + 4; 


— Sum of the diameters of these circles. 
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Proof: | 
by ; ) Statements . Reasons 


Three circles with centres A, B and C _ touch | Given 
in pairs externally at the points, D, E and F. 


mAB = mAF + mFB (i) 
mBC = mBD + mDC (ii) 
and mCA=mCE+mEA (iii) 
mAB + mBC + mCA = mAF + mFB + mBD Adding (i), (ii) and (iii) 
+ mDC + mCE + mEA 
= (mAF + mEA) + (mFB + mBD) 
: + (mCD + mCE) 
Perimeter of AABC = 2r, + 2r, + 2r, d, = 2r,, d= 2r, and d, =2r, 
=d,+d,+d, are diameters of the circles. 


= Sum of diameters of the circles. 


EXERCISE 10.3 


1. Two circles with radii 5cm and 4cm touch each other externally. Draw another circle 
with radius 2.5cm touching the first pair, externally. 


23 If the distance between the centres of two circles is the sum or the difference of their 
radii they will touch each other. 


MISCELLANEOUS EXERCISE 10 
Multiple Choice Questions 


1.‘ Four possible answers are given for the following questions. 
Tick (~) the correct answer. 


@)! ; we the adjacent figure of the circle, the line 
H s AR: Ri agama 

Titers Dre @- Z (b) a chord 

eb us Oy - iat @ _— asecant 














(ii) 


(ili) 


(iv) 


(vi) 


(Vii) 


(viii) 


x) 


oe 
Cieths 5.0 
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Q 


In a circle with centre O, if OT is the radial 
segment and PTO is the tangent line, then 
(a) 
(c) 

& 


(d) OT is right bisector of PO 


TLPQ © (b) |=“ OT LPO 
bd 
T Il PQ 


8 


In the adjacent figure, find semicircular area 
if t ~ 3.1416 and mOA = 20cm. 

(a) 62.83sq cm (b) 314.16sq cm 

(c) 436.20sqcm_  (d) 628.32sq cm 


In the adjacent figure, find half the perimeter of 
circle with centre O if m = 3.1416 and 
mOA = 20cm. 

(a) 31.42 cm (d) 62.832 cm 

(c) 125.65 cm (d) 188.50 cm 


A line which has two points in common with a circle is called: 


(a) sine of acircle (b), cosine of a circle 
(c) tangent of a circle (d) secant of a circle 
A line which has only one point in common with a circle is called: 
(a) sine of acircle (b) cosine of a circle 


(c) tangent of a circle (d) secant of a circle 


Two tangents drawn to a circle from a point outside it are of ....... in length. 
(a) half (b) equal (c) double  (d) triple 
A circle has only one: ihe ce ) 
(a) secant (b) chord (c) diameter  (d) centre 


A tangent line intersects the circle at: 
(a) three points (b) two points 
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(x) __ Tangents drawn at the ends of diameter of a circle are ....... to each other. 
| (a) _ parallel 7 (6) non-parallel (c) collinear (dq) perpendicular 
(xi) __ The distance between the centres of two congruent touching circles externally is: 
(a) of zero length , (6) — the radius of each circle 
(c) the diameter of each circle | (d) twice the diameter of each circle 
(xii) ‘In the adjacent circular figure with centre O and radius _B 


cm, the length of the chord intercepted at 4cm away 
from the centre of this circle is: 


(a) 4cm (b) 6cm 
(c))— Jem — (dq) 9%cm 


* 
“ 
# 
= : eS ee ee 





(xiii) In the adjoining figure, there is a circle with centre O. 


_ If DC // diameter AB and mZAOC = 120°, then 


mZACD is: 
@ 4° | (b) 30° 
(<) 50° (ad) 60° 


SUMMARY > 
y 2 Tangent 







> A secant is a ee line era cuts the barca ference of a circle in two distinct 
points. In the figure, the secant CD cuts the circle at two distinct points P and Q; 


| > | r A tangent to a circle is the Straight line which touches the circumference at one point 


"the tangent line to the cae hee pointes 
lll (is? seen AY. 49) yon 









oa ‘The point’ of tangency is also known as the peut of contact in the figure. AB is 


ty 


a 
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iz 


The length of a tangent to a circle is measured from the given point to: ie ‘pointof 
contact. i] “ 







If a line is drawn perpendicular to a 1 radial segment ofa circle at its outer end point, it + F 
is tangent to the circle at that point. fo ler ere hom tene cone OT 


The tangent to a circle and the radial segment joining the point of contact: andthe ae 
centre are perpendicular to each other. r 


The two tangents drawn to a circle from a point outside it, are equa ties h. eet WL 


If two circles touch externally or internally, the distance. em their centres isi 


peDECuvely. equal to the sum or difference of their radii. Sa 
ae a oh ‘tic tiie 


Laity, re 44 x wi Th pe 
f + = ’ 7 
. , OSVLM) Sa DN De fieayya 2 eth yoy 
ce | i ' i a +s a 2, : =4 wy 2 ; 7 oy A xs « a | 
4 Ai Sd Det oN “rts' ta a wl 
P “Bs 
yy) bh) sys iy . a) ™ sc Le a 


' pA 
aie PKENG et ee wy iz a '% “ ia 
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Unit-11 


CHORDS AND ARCS 





In this unit, students will learn — 


2a If two arcs of a circle (or of congruent circles) are congruent, then the 
corresponding chords are equal. 

2a If two chords of a circle (or of congruent circles).are equal, then their 

_ corresponding arcs (minor, major or semi-circular) are congruent. 

2a Equal chords of a circle (or of congruent circles) subtend equal angles 
at the centre (at the corresponding centres). 

2a. If the angles subtended by two chords of a circle (or congruent circles) 

at the centre (corresponding centres) are equal, the chords are equal. 









(NOT FOR SALE - PESRP) 
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THEOREM 1 


11.12) If two arcs of a circle (or of congruent circles) are congruent 
then the corresponding chords are equal. 





B 


Given: ABCD and A’B’C’D’ are two congruent circles 
with centres O and O’ respectively. So that mADC = mA‘D'C’ 
To prove: mAC = mA’C’ 
Construction: Join O with A, O with C, O’ with A’ and O’ with C. 
So that we can form A* OAC and O’A’C. 


Proof: 
: Statements Reasons 
In two equal circles ABCD and A’B’C’D’ Given : 
with centres O and O’ respectively. 
mADC = mA‘D'C. - | Given 
mZAOC=mZA'0'C Central angles subtended by 
equal arcs of the equal circles. 
Now in AAOC © AA’0’C’ | | ; } 
mOA = mO"A’ f Radii of equal circles 
mZAOC = mZ A'O'C’ wes Already Proved 
MOC MOC 2° Ri Ee {8 Radii of equal circles stk 2S : 
AAOC = A NOC | S.A.S =S.A.S ye aa Cae 
and in particular mAC = m A’C’ oe ; pa Ke 


Similarly we can prove the theorem in the same circle. 
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THEOREM 2 
| ~ Converse of Theorem 1 
hw ‘If two 9 chords of a circle (or of congruent circles) are equal, hea 
ae their corresponding arcs (minor, major or semi-circular) are congruent. 
mo  *: In equal circles or in the same circle, pire chords are equal, 
& Mod Bias Seibel Ns 
. games! | B 


*n LP ~ ,* 


a a oe ae 
é te . 
a 28 ws *s 
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Lu 
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'C’D’ are two ial circles with centres O and O’ Restenst vey, 
“$0 that chord ere ='mA’C’ | 

fy gi: aie ove 2 mAD VemADC yet | 

; i Construction: Join O with A, O with C, O’ with A ‘and O' with C’. 


7” — 20 6 —-—4 ow oa = «+ oe oe 
Proof BS,” ; x 
é P = 





ie) 


Reasons 
. a | Radii of equal circles 


Cf 
| = Radii of equal circles 


mOC = m0" Cc 

mAC C= m AC fe ne Given 

AAOCE, , aC a J | S.S.S=S.S.S 

mZA 40C =mZN'0'C = | / 
A sy 

on SHAD OL 7A BWC 2 be | Ares corresponding to equal sR angles. 


~ -————_ oe ee ae 
* 


—e =a | 


“Vy h fs - fe 
wi is Biles: hn There fo Oe 


iY 
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Example 1: A point P on the circumference is equidistant from the radii OA and OB. 
Prove that m AP =m BP : 
Given: AB is the chord of a circle with centre O. Point P 
on the circumference of the circle is equidistant from the 
radii OA and OB | 
so that mPR = mPS. 
To prove: m AP = m BP 


Construction: Join O with P. Write Z1 and Z2 as shown in 








. 
_— 2 Oe &. «ee 
ll i ee I I i a i 













| 
the figure. 7 Ban = an ! 
Proof: | ‘F : ‘~ ve He | 
Statements | ~ Reasons 
In Ztt AOPR and Zrt AOPS . ie 5) sidiaZos, je ith | 1g 
JS poow ; : 3 bed .. it [- 
m OP =m OP Common Gn ren si i 
m PR=m PS _ | Point P is equidistance from radii is ny! 
Given ve bre G3 ; 
’ ( ) he bv Antlers ) | 
AOPR =A OPS | (in Zrth’ ee Se =H. 2 | # 
So m Zl =m 22 Central nngled ofa circle vf alin (sf ; 
= Chord AP z Chord BP Sees hell f 
j > SI Sits ys : 26 re i = 
ae Arcs corresponding to o equal chords in os. 
Hence mAP=m BP circle. | =f Pe oe | 
; , . rT CBs | Hy ru 3 oT | aes a} 
THEOREM 3 RO? slat Lhe a 


os 





1. 1(ii) Equal chords of a circle (or of congruent circles) subtend es angles 
at the centre (at the corresponding centres). tite ny { 









pee Toray: AQ Dive) | ; ~ ; 
; ven: ABC and 4’B'C ae two cong nt circles wi ith centres 0 and 0’ ‘respectively. 


By SothaAC= AC loamy pox 


- ies 
ao 














of central angle AOB. 
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To prove: ZAOC = ZA’0O'C 
Construction: Let if possible mZAOC # mZA’O’C’ then consider ZAOC = ZA’O’D’ 
Proof: 


Statements z 7 Reasons 
ZAOC~ ZA‘O'D’ Construction 
AC = A'D’ (i) Arcs subtended by equal 
. | Central angles in congruent 
circles 
mAC = mA’D’ (11) Using Theorem 1 
But mAC=mA’C (iii) | Given 
ko mA’C’ = mA’D’ Using (ii) and (iii) 
Which is only possible, if C’ concides with D’. 
Hence mZA‘O'C =mZA‘O'D’ (iv) 
But mZAOC=mZA‘O'D’ (v) Construction 
= mZAOC =mZA‘O'C Using (iv) and (v) 


Corollary 1. In congruent circles or in the same circle, if central angles are equal 
then corresponding sectors are equal. 


Corollary 2. In congruent circles or in the same circle, unequal arcs will subtend unequal 
central angles. 


Example 1: The internal bisector of a central angle in a circle bisects an arc 
on which it stands. 


Solution: In a circle with centre O. OP is an internal bisector 


To prove: AP = BP 


Construction: Draw AP and BP, then write Z1 and 22 
as shown in the fipuite: 





Statements Reasons 
In AOAP © AOBP 
mOA=m OB Radii of the same circle 
| Given OP as an angle bisector of 
| ZAOB 
Common 


(S.A.S = S.A.S) 























AOAP = AOBP 


Hence AP = BP = my, 
Arcs correspond: | — oa 


in a circle. fan 
Toy Ver Leese je as See een a | 


cauiglé 2: Ina circle if any pair of d dianicters) sare D9QRT ea) & ee ot as = oe - re , 
each other then the lines joining its ends in order. >a 


square. , cx =f, | | ? oo ; : Pei 


Aen te, el, ; 7. ee 7 ve , = ra bt oe 
Given: AC and BD are two perpen” C5 mes 11 | * 
of a circle with centre O. So ABCD is ad \ a 


To prove: ABCD is a square | PO invring Gaeoaaa | ma | 
Construction: Write /’ i oS int fopait inf thin “obvtil 


as shown in the figure. | - Ae 
r th yr &s 
/ Vai « di “A. : i—s OF 


fe eg 


Proof: _ nar 7 RFE : compte ike seal = 7 
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ips THEOREM 4 


11.1@yv) If the angles subtended by two chords of a circle (or congruent circles) 
at the centre (corresponding centres) are equal, the chords are equal. 


B 





| D 
Given: ABCD and A’B’C’D’ are two congruent circles with centres 
O and O’ respectively. AC and A’C’ are chords of circles ABCD and A’B’C’D’ 
respectively and m ZAOC = mZA’O’C’ 
To prove: mAC = mA’C’ 
Proof: ~ 


Statements Reasons 


In AOAC — > AOVA'C’ 


mOA = mO"A’ a Radii of congruent-circles 
_mZAOC = mZA'O'C | Given 
: + mOC = mOC , Radii of congruent circles 
- AOAC = AOAC SAS=SAS — 
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(i) 


(ti) 


(tii) 


(iv) 


(v) 
(vi) 


(vii) 


(viii) 


(i) 


(x) 





EXERCISE 11.1 
In a circle two equal diameters AB and CD intersect each other. 
Prove that m AD = m BC. 
In a circle prove that the arcs between two parallel and equal chords are equal. 
Give a geometric proof that a pair of bisecting chords are the diameters of a circle. 
If C is the mid point of an arc ACB in a circle with centre O. Show that 
line segment OC bisects the chord AB. 


MISCELLANEOUS EXERCISE 11 


Multiple Choice Questions 

Four possible answers are given for the following questions. 

Tick (“) the correct answer. 

A 4 cm long chord subtands a central angle of 60°. The radial segment of this circle 
is: 

(a) 1 (b) 2 (c) 3 (dq) 4 

The length of a chord and the radial segment of a circle are congruent, the central 
angle made by the chord will be: : 

(a) 30° (b) 45° (c) 60° - (d) 75° 

Out of two congruent arcs of a circle, if one arc makes a central angle of 30° then the 
other arc will subtend the central angle of: __ 

(a) 15° (b) 30° = (c) 452 (d) 60° 

An arc subtends a central angle of 40° then the corresponding chord will subtenda - 
central angle of: is 

(a) 20° (b) 40° (C) 0s (dq) 80° 

A pair of chords of a circle subtending two congruent central angles is: 

(a) congruent (6) incongruent (c) overlapping (d) parallel 

If an arc of a circle subtends a central angle of 60°, then the corresponding chord of - 
the arc will make the central angle of: . 

(a) 20° (b) 40° (c) 60° (dq) 80° 

The semi circumference and the diameter of a circle both subtend a central angle of: 
(a) 90° (b) 180° (ce) 270° (d) 360° 

The chord length of a circle subtending a central angle of 180° is always: 

(a) _ less than radial segment (b) equal to the radial segment 

(c) double of the radial segment (d) none of these 

If a chord of a circle subtends a central angle of 60°, then the length of the‘chord and 
the radial segment are: 

(a) congruent (bd) incongruent (c) parallel (dq) perpendicular 
The arcs opposite to incongruent central angles of a circle arc always: 

(a) congruent (b) incongruent (c) parallel (dq) perpendicular — 
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a = om, 


| » SUMMARY 

> The boundary traced by a moving point in a circle is called its circumference whereas 
any portion of the circumference will be known as an arc of the circle. 
The straight line joining any two points of the circumference is called a chord of the 
circle. 


_ The portion of a circle bounded by an arc and a chord is known as the segment of a 
circle. 


The circular region bounded by an arc of a circle and its two corresponding radial 
segments is called a sector of the circle. 
A straight line, drawn from the centre of a circle bisecting a chord is perpendicular to 


the chord and conversely perpendicular drawn airs the centre of a circle on a chord, 
bisects it. 


ai > _- If two arcs of a circle (or of congruent circles) are congruent, then the corresponding 
chords are equal. 


Vv 


vVvwvwoYv 


> If two chords of a circle (or of congruent circles) are equal, then their corresponding 
_ +>. » ares-(minor, major or semi-circular) are congruent. 


> Equal chords of a circle (or of congruent circles) subtend equal angles at the centre 
(at the corresponding centres). .— 
“> ~~ If the angles subtended by two chords of a circle (or congruent circles) at the centre 
(corresponding centres) are equal, the chords are equal. 
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Unit-12) 


a 
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ANGLE IN A SEGMENT OF A CIRCLE 





——s a = = 


£n this unit, students will learn 7 acpi | 


23, The measure of a central angle of a minor arc of a circle, is double that | 
of the angle subtended by the corresponding major arc. 
2a, Any two angles in the same segment of a circle are equal. 


SS eS ree 
- = 4 a 


| 23 The circum angle 


i 
i 
. 
\ 
i 


© ina semi-circle is a right angle, 
© ina segment greater than a semi circle is less than a right angle; 
| @ ina segment less than a semi-circle is greater than a right angle. 


| 2a The opposite angles of any. quadrilateral inscribed in a circle are | 
supplementary. 
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THEOREM 3 


12.1(@ii) The angle 
e inasemi-circle is a right angle, 
‘ e inasegment greater than a semi circle is less than a right angle, 
e inasegment less than a semi-circle is greater than a right angle. 





Fig. I Fig. 1 


Given: AB is the chord corresponding to an arc ADB 
Whereas Z AOB is a central angle and 2 ACB is 
a circum angle of a circle with centre O. 
To prove: Infig() Ifsector ACB is a semi circle 
* then mZACB = 1 Zrt . 
In fig (Il)  [Ifsector ACB is greater than a semi circle 
then mZACB < 1Zrt 
Infig. (i) Ifsector ACB is less than a semi circle 
then mZACB > | Zrt 
Proof: 
0 ea Statements | | Reasons 
In each figure, bie tie chorion a cicle with centre O. | Given | 
< AOB is the central angle standing on an arc ADB. 


Whereas ZACB is the circum angle » |heREA 

Such that mZAOB = 2mZACB | (i) | By theorem Le 
Now in fig) mZAOB= 180° . A straight angle 
pe MLAOB ROA fi ty | (ii) ) 


- mZACB=1Zrt id * Using (i) and (ii) 
Be Ae ig) mZAOB<180" | 


é , enn” mZAOB <2Zrt (iil) 
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= mZACB <1Zrt Using (i) and (iii) = 8 = 
In fig (IL) mZAOB > 180° pL ha a Seelee 

. mZAOB> 22Zrt neh) mond | | LOS A Gane 
2mZACB > 2Zrt . Using (i) and Gv) | 
mZACB > |1Zrt 
Corollary 1. The angles subtended by an arc at the circumference of a circle are equal. 
Corollary 2. The angles in the same segment of a circle are Coneruse wn asili: 





. _ —/d q 
‘v4 . . ; a f 2 
Hi 4 id ~ + ete rrr 
HEOREM . > “a. at 7 b. 3;e! tif aw ie 
Ss Oe + ee oer ~ - 


—s. 8 

12. Lv) The opposite angles of any quadrilateral inscribed in a circle ‘ mes Oe - 
are supplementary. wy abiysiiaget - aed 

sion svi jeep ek i i 
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; ee 
= . —- Says: 
Civen: ABCD i isa quadrilateral inscribed in acircle with centre O : 
f ! Seruy spe met) s Seen Toe erp 
~ [mZA + mZC=2 Zrts voioacjene € “% oats 
Ero ioxe: Vineness iS oe a = 
* (mZB + mZD =2 Zrts : | ee =e 
“wt? 2 ; bil «te SE a > 
‘Construction: Draw OA and OC. 7. ban 4h are es ion 


Write 21, 22, 23, 24, Z5 and 26 as shown i the figure 
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Proof: 

| Statements Reasons 

| Standing on the same arc ADC, 22 is a central | Arc ADC of the circle with centre O. 
| angle 


Whereas 2B is ‘i circum angle 


ae eB =5 GH z 2) = (i) By theorem | 
Standing on the same arc ABC, 24 isa ; Arc ABC of the circle with 
central angle whereas ZD is the circum angle centre O. 
mZD= 5 (mZ4) (ii) By theorem | 
=> _ mZB+mZD= , mZ2 + ; mZ4 _ | Adding (i) and (ii) 


= ; (mZ2 + mZ4) = ; (Total central angle) 


ie,  mZB#mZD= 5 (4 Zrt)=22rt 


Similarly mZA +mZC=2Zrt 
| Corollary1. In equal circles orin the same circle if two minor arcs are equal then angles 
inscribed by their corresponding major arcs are also equal. 
Corollary 2. In equal circles or in the same circle, two equal arcs subtend equal angles 
at the circumference and vice versa. 
Example 1; Two equal circles intersect in A and B. Through B, a straight line is an to 


meet the circumferences at P and Q respectively. Prove that mAP = mAQ. 





_ Given: Two equal circles cut each other at points A and B. A straight line PBQ drawn 
| through B meets the cicles at P and Q respectively. 
= Te BROKE mar = mAQ 
| onstruction: Join the points A and B. Also draw AP and AQ. 
‘a | Write 21 and 22 as shown in the figure. ~ 
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Proof: 
Statements 
ae a Ares about the common chord AB. = 
mACB = mADB 
| mZ1=mZ2 Corresponding angles made by opposite arcs. 
So mAO = mAP | Sides opposite to equal angles in A APQ. 





mAP = mAQ 
Example 2: ABCD is a quadrilateral ST cimmcabed about a circle. 


Show that mAB + mCD = mBC + mDA 


Given: ABCD is a quadrilateral circumscribed about a 
circle with centre O. 


So that each side becomes tangent to the circle. 
To prove: mAB + mCD =mBC + mDA 


Construction: Drawn OF LAB, OF LBC 





OGLCD and OHLDA 
Proof: 1. 
| _ Statements | Reasons 
mAE = mHA « mEB =mBF 1@ | Since tarigents drawn from — 
= a AS wd . ~~ la point to the circle are 
mCG = mFC and mGD =mDH + (ii) | equal in length ~ 
(mAE + mEB) + (mCG + mGD) = (mBF + mFC) + (mDH + mHA) Adding (i) & (ii) 


or mAB + mCD = mBC +mDA 


EXERCISE 12.1 
l. Prove that in a given cyclic quadrilateral, sum of opposite angles is two right angles 
and conversely. , 
2. Show that parallelogram inscribed in a ‘circle will be a rectangle. 
a3: AOB and COD are two intersecting chords of a circle. Show that A*® AOD and BOC 
are equiangular. 
4. AD, and BC are two parallel chords of a circle. Prov that aro/AB Siar @oienaiare 


AC = arc BD. 
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) MISCELLANEOUS EXERCISE 12 
1. ~ Multiple Choice Questions | 
Four possible answers are given for the following questions. Tick (“ ) the correct 





answer. 
: (i) A circle passes through the vertices of a right angled AABC with mAC = 3cm 
and mBC = 4 cm, mZC = 90°. Radius of the circle is: 
: _@ (15cm (6) 2.0cm (c) 2.5 cm (d)  3.5cm 
(ii) In the adjacent circular figure, central and inscribed angles stand on the same arc AB. 
| 6 





B 

mZ1\ =2mZ2 
(d) mZ2=2mZ1 
figure if mZ3 = 75°, then find mZ1 and mZ2. 


| @) _mZi=mZ2 . (0) 
(c) mZ2=3mZ1 
(iii) In the adjacent 


i ion ie ie i] 
@) 375437 5e ome | (6) 375 , 75° 
| a0 es e " 
(c) 75°, 37> | (2) in 752 75° 


ro \ a a © _ a Cc 
. ww | Piss . & "we y's | | 
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(iv) SGiven that O is the centre of the circles The aclamnarcedte will hed + nA ran Ga a 
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(a) 2h (b) 25° adi (ce) 19. SOC) ant Zi Sd) ah 2) | ae 
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(v) Given that O is the centre of the circle the angle marked y will be: 





(@ 125 (0) 2%.» ©) aly @ 15° 


“ Ni se b straight lir fe glare ont » Kee 
(vi) ‘In the figure, onthe te of el nd AB Nis 2 a straight lin Conn Ay eee a 


The obtuse angle AOC = xis: i: vin fy. ad babasidve siaas sit < 






Pare CLP als. 


. sigue 
_ fnnssdue ai pease os ae 
cata 
in\eany 64°). tom 8109 OME by 
A aes nea eos babs ais 
(a) 32° ‘(b) 64° peepee 


LAG © *. 
(vii) _ In the figure, O is the centre of the circle, 5{ nen the « 
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(viii) In the figure, O is the centre of the circle then I 
‘ : . bit > 
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@ 1° (b) 30° © 45° d),, 
In the figure, O is the centre of the circle then the angle x is: 





= tal Livi vo etn tiis 
(a2) 50 (6) 75° = (&) 100° (d) 125° 
i al! it? i OF , : 
SUMMARY 
Rie'saclogn btended by an n arc at the centre of a circle is called is central angle. 





Acaalinge is sv by two radii: with the vertex at the centre of the circle. 
The ae subtended. eh an arc of a circle at its circumference is called a 
hn. 


> is. pabienia erwecn. any two hora of a circle, having common 
point onits circumference. st 
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PRACTICAL GEOMETRY-CIRCLES 


in aus unit, students will learn how to | | it a} 


22 locate the centre of a given circle. : 1] ey 
| 2a draw a circle passing through three given non-collinear points. ae 
2a complete the circle when a part of its circumference is given, 
(t) by finding the centre, 
(ti) without finding the centre. 
circumscribe a circle about a given triangle. 
inscribe a circle in a given triangle. 
escribe a circle in a given triangle. rf 
circumscribe an equilateral triangle about a given circle. i 
inscribe an equilateral triangle in a given circle. 
circumscribe a square about a given circle. 
inscribe a square in a given circle. 
circumscribe a regular hexagon about a given circle. 
inscribe a regular hexagon in a given circle. | 
draw a tangent to a given arc, without using the centre, through a given | 
point P when p is the middle. point of the arc, p is at the end of the arc | 
and p is outside the are. 
draw a tangent to a given circle from a point P when P is on the 
circumference and when p is outside the circle. | 
draw two tangenis to a circle meeting each other at a given angle. 
Gxt! direct common tangent or external tangents to two equal circles 
and draw transverse common bangents or internal tangents to two equal 
circles. 
2a draw direct common tangents or external ldneent to two unequal circles 
and draw transverse common tangents or. internal tangents: to two 
unequal circles. 
2a draw a tangent to two unequal ouch circles and two unequal | 
_ intersecting circles. : 
2a draw a circle which touches 
(i) both the arms of a given angle. 
(ii) two converging lines and passes through a Sed point between them. 
(iii) three CORVETSED lines. | ; 


YR WWD DD 


ef 


eee 











- 
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Bat oO y 
3. Draw PQR as perpendicular bisector of chord 


. 2ADraw aL: and PO “right bisectors\vof AB ‘and \BC 
"respectively. IM ’and PO “intersect at point O. 


| 
| 
| 
: 
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INTRODUCTION: 


The word geometry is derived from two Greek words namely Geo (earth) and 
Metron (measurement). Infact, geometry means measurement of the earth or land. Geometry 
is an important branch of mathematics, which deals with the shape, size and position of 
geometric figures. We will concentrate upon simple figures namely point, straight line, 
triangle, polygon and circle in this unit. 

The Greek mathematicians (600-300 BC) contributed a lot. In particular “Euclid’s 


- Elements” have been taught as text book all over the world for centuries. 


13.1 Construction of a Circle 


A circle of any radius can be constructed by rotating a compass about a fixed point 0. 


__13.1@) To locate the centre of a given circle 


Given: A circle 
Steps of Construction: 


1. Draw two chords AB and CD. 
2. Draw EFG. as perpendicular bisector of chord 


AB 





CD. Sapa 
4. Perpendicular bisectors EFG and POR . 

| intersect each other at O. O is the centre of | rishi 
circle. | | 


_a~.2(ii)Draw a circle passing through three given non-collinear points: 
Given: Three non-collinear points A,B and C. 
Steps of Construction: 

1. Join A with B and B with C, 


3.\ Draw’ a’circle with radius OA = OB = OC having 
centre at O; which is the required circle. ez . 


vay tit 
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13.1(iii-a) To complete the circle by finding the centre when a part of a 
circumference is given 


Given: AB is Part of circumference of a circle 





Steps of Construction: } 
1. Let C, D, E and F be the four points on ie 
the given arc AB. if 

Draw chord CD and EF. 

co - 


Draw PQ as perpendicular bisector of 
—_ - Ay 8 

CD and LM as perpendicular bisector 
of EF. 





ens ae 4 

4. _LMand PQ intersect at O. Fig. 13.1.3 i i 
O is equidistant from points A, B, C, D, E and F. : 

5. Complete the circle with centre O and radius (OA =OB = OC = OD = OE = OF). 


This will pass through all the points A, B, C, D, E and F on the given part of the 
circumference. 


13.1(iii-b) To complete the circle without pap the centre when a part of its 
circumference i is given 


Given: AB is part of circumference of a circle. 

Steps of Construction: 

1. Take two chords CD and DE of the 
suitable same length such that these are 

chords of AB. 

2. Produce CD to D’and DE to E such that 
to get the external angle D“DE“ | 

3. Construct ZEEF = ZD DE’ and take 
mEF = mCD = mDE. Produce EF to F< 

4. Construct ZF FG = ZEEF’ and take 
mFG = mCD. Produce FG to G* 


——— * 


a 
ref «=<. 
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Fig. 13:1.4 
Shs Points F and G are onthe circumference ofthe required ice eal 


| and FG are shown in the figure. POUR AR 
“6. Continue this process of external “ati of equal measure to complete le the Fe 
Circumference of the circle as shown inthe figure. veal 
Note: Constructing internal angles of equal measure, the qucuinereace of the circle can | ah 
Ta tate | ine Robais 
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! EXERCISE 13.1 


1B Divide an arc of any length 
(1) into two equal parts. 
(ii) into four equal parts. 
ja Practically find the centre of an arc ABC. 
3. (i) If ABI = 3 cm and IBC = 4 cm are the lengths of two chords of an arc, 
then locate the centre of the arc. 
(i1) If \ABl = 3.5 cm and |BC|=5 cm are the lengths of two chords of an arc, then 
locate the centre of the arc. . 
4. For an arc draw two perpendicular bisectors of the chords PQ and QR of this arc, 
construct a circle through P, O and R. ‘ 
a} Draw a circle of radius 5 cm passing through points A and B, 6 cm apart. Also find 
distance from the centre to the line segment AB. 
6. If (ABI = 4 cm and IBCl = 6 cm, such that AB is perpendicular to BC, construct a 


| circle through points A, B and C. Also measure its radius. 
13.2 CIRCLES ATTACHED TO POLYGONS 


13.2(i) Circumscribe a circle about a given triangle. 
Given: Triangle ABC. 


Steps of Construction: 

EF Draw LMN as perpendicular bisector of side AB. 
2. Draw POR as perpendicular bisector of side AC. 
3. LN und PR intersect at point O, 


= 


With centre QO and radius 


mOA =mOR = mOC. draw a circle. 





Fig. 13.2. 1 
This circle will pass through A, B und C whereas OQ is the circumcentre of the 


curcumseribed circle, 


: : ng through the vertices of triangle ABC is known as| 
7 Remember: eae = adius and centre as cireumcentre, | 
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13.2(ii) Inscribe a circle in a given triangle: 





x 
v 
Fig. 13.2.2 
Given: _ A triangle ABC. 
Steps of Construction: 


M. Draw BE and CF to bisect the angles ABC and ACB respectively. ae BE and CF 
intersect each other at point O. 
Ak O is the centre of the inscribed circle. 


: a ae 
3. From O draw OP perpendicular to BC. 

With centre O and radius OP draw a circle. This circle is the inscribed circle of 

triangle ABC. 
Remember: 

A circle which touches the three sides of a triangle nally is known as 
incircle, its radius as in-radius and centre as in-centre. 
13,2(iii) Escribe a circle to a given triangle: 
Given: A triangle ABC 
Steps of Construction: | 


1, Produce the sides AB and AC of AABC. 
2. Draw bisectors of exterior angles ABC and ACB. 
| These bisectors of exterior angles meet at /;. 
3. _ From /; draw perpendicular on side BC of AABC. 
Which /,D intersect BC at D. 1,D is the radius of * 
_ the escribed circle with centre at/,. - res 
4. _ Draw the circle with radius ,D and centre at J, «7 © 
that will touch the side BC of the AABC 
‘externally and the produced sides AB and AC. 
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Escribed circle: The circle touching one side of the triangle externally and two produced 
sides internally is called escribed circle (e-circle). The centre of e-circle is called e-centre 
and radius is called e-radius. 

13.2(iv) Circumscribe an equilateral triangle about a given circle 

Given: A circle with centre O of reasonable radius. 





Steps of Construction: 
cae Draw AB, the diameter of the circle for 
locating. 
2. Draw an arc of radius m OA with centre at _ 
| A for locating points C and D on the 
circle. . 
3. Join O to the points C and D. 
4. Draw tangents to the circle at points B, C 
and D, 
5. These tangents intersect at points E, F and 
G. 
) Fig. 13.2.4 
13.2(v) Inscribe an equilateral triangle in a given circle. 
Given: A circle with centre at O. 
Steps of Construction: 
1 Draw any diameter AB of the circle. 


2. Draw an arc of radius OA from point A. The 
arc cuts the circle at points C and D. 
SF Join the points B, C and D to form straight line 

segments BC, CD and BD. 
Triangle BCD is the required inscribed 

equilateral triangle. 

13.2(vi) Circumscribe a square about a given circle. 

Given: A circle with centre at O. 


Steps of Construction: 
1. Draw two'diameters PR and os which pre each 
other at right angle. 


2. / Ae oie i. Baad S denw targets tnshe civic. 
3. _—«- Produce the tangents to meet each other at A, B, C 
| and D. ABCD is the required circumscribed square. 





NOT FOR SALE - PEsRr Fig. 13.2.6 
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13.2(vii) Inscribe a square in a given circle 
Given: A circle, with centre at O. 
Steps of Construction: 


1. Through O draw two diameters AC 


and BD which bisect each other at 
right angle. 
2. Join A with B, B with C, C with D, 
and D with A. 
ABCD is the required square 
inscribed in the circle. 
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7 - 2 
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Fig. 13.2.7: 5:0) ) ecu’ - 


| 
| 
B a | 
- 13.2(viii) Circumscribe a regular hexagon abouta givencircle. = — | 


‘ \ i 
1 = 
t f= bony 
on 73 sinbort 2 
: a | r 
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A= otantee Ga alosty eae sone J a 
' ) ~ a w= a ‘ m a 3/0 = TAL = “ay = 

| | Fig. 13.2.8 Priest eset a! | Finis Sa fe 7 RRP 
Given: A circle with centre atO. — nese! Ws stan ar utbziolbedianlt SH one 
Steps of Construction: ~~ i omnaen cul age = Al ent ahi + Ae | aE 
lL _ Draw any diameterAD. __ 





ee eS ee ee ee 


jeusniew bx aye! 0 ero pepo Ame 


ne ee th ent 

it atpointsBandF. 1 div A slene nd beens n 

J pce Join B with O and extend it to neetthe,circleatE. 
a . 7 ~ 















4 







ie ae a 


Join F with O and extend it ton me x tthe circle atC. ee 






, Draw tangents to the circle at points’A, B, C, D,. gand FA ntersecting | -one another at 
_- points P, Q, R, S, ae ctively. w5é£ sgiber ko sisi Sat bases Dawe 


% Thus PORSTU st nec 
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13.2(ix) Inscribe a regular hexagon in a given circle: 





Fig. 13.2.9(a) Fig. 13.2.9(b) 
Given: A circle, with centre at O. 
Steps of Construction: 
l. Take any point A on the circle and point with O. 
2. From point A, draw an arc of radius OA which intersects the circle at point B and F. 
Sh. Join O and A with points B and F. 
A AOAB and AOAF are equilateral triangles therefore ZAOB and ZAOF are of 
_ measure 60° .e., mOA = mAB = mAF. 
5. Produce FO to meet the circle at C. Join B to C. Since in ZBOC = 60 therefore 
mBC = mOA. | 
6. From C and F, draw arcs of radius OA, which intersect the circle at points D and E. 
ih Join C to D, D to Eand F to F ultimately. We have | 
mOA = mOB = mOC = mOD = mOE = mOF 
Thus the figure ABCDEF is a regular hexagon inscribed in the circle. 


EXERCISE 13.2 
1. _—-- Circumscribe a circle about a triangle ABC with sides 
IABI=6cm , IBC| = 3cm ; ICAl = 
Also measure its circum radius. 
2. Inscribe a circle in a triangle ABC with sides . 
(ABI = 5 cm, IBC) =3 cm, |CAl=3 cm. Also measure its in-radius. 
. i: Escribe a circle opposite to vertex A to a triangle ABC with sides 
__1ABl = 6 cm, |BC| = 4 cm, ICA| = 3 cm. Find.its radius also. 







4.‘ Circumseribe a circle about an equilateral triangle ABC with each side of length 4cm. 
Si Inscribe a circle in an equilateral triangle ABC with each side of length Scm. 
| 6. —_—~ Circumsc ae a inscribe circles with regard toa right angle triangle with sides, 
| 4, ni eee els of radius 4cm draw a square. 


Ja and around the circle of radius 3.5cm draw a regular hexagon. 
Cir e a regular hexagon about a circle of radius 3cm. 








| 229 Mathematics 10 | ! 
13.3 TANGENT TO THE CIRCLE H 


13.3(i) To draw a tangent to a given arc without using the centre through a given 
point P: 
Case (i) When P is the middle point of the arc 


Given: P is the mid-point of an arc AB. % 10) 
Steps of Construction: *K | | 
1. Join A and B, to form the chord AB. ; p : ; 


Di Draw the perpendicular bisector of 
chord AB which passes through mid 
point P of AB and mid point R of AB. 











3. At points P construct a right angle A | R B / 
TPR. 

=> | vo. | 

4. Produce PT in the direction of P Fig. 13.3.1(a) ; 


beyond point §S. Thus TP is the | | | 

required tangent to the arc AB at i 

point P. 1 
Case (ii) When P is at end point of the arc 
Given: P is the end point of arc POR. 


Steps of Construction: 

l. Take a point A on the arc POR. 

2. Join the points A and P. 

3. Draw perpendicular AS at A which 


intersects the arc POR at B. 
4. Join the points B and P. 


5. Draw ZAPD of measure equal to 
that of ZABP. 
6. Now mZBPD =mZBPA +mZAPD 
= mZBPA + mZABP 
= 90° 


a 
Thus PD is the required tangent. 
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) _ Case (iii); When point P is outside the arc. 
| ) 
. 
| 
| 
| 
| 
| 
| ~ 
| Fig. 13.3.1 (c) 
| Given: Point P is a line segmetn out side the arc ABC without knowing its centre. 
Steps of Construction: 
1. Join A to P. AP cuts the arc at E. 
De Find mid-point M of AP. 
3h Draw a semi circle of radius [AMI = [MPI with center at M. 
4. Draw perpendicular at point E which meets the semi circle at D. 
5, Draw an arc of radius [PDI with P as its center. 
6. This are cuts the given arc ABC at points T. 
7. Join P with T. 
__ PTQ is the required tangent. : 
: 13.3(ii-a) To draw a tangent to a circle from a given point P at a given point on 
the circumference; 


Given: A circle with the centre O and some 
point P lies on the circumference. 

1. Join point P to the centre O, so that OP is 
the radius of the circle. 






ine 


2! 





13.3(ii-b) To draw a tangent to a circle fron a given point P which lies outside 
the circle: 

Given: A circle with centre AL: and some point P 

out side the circle. 

Steps of Construction: 

l, Join point P to the centre O. 

2. Find M, the mid point of OP. = 

3. Construct a semi circle on diameter OP, 
with M as its centre. This semi circle 
cuts the given circle at T, 

4. Join P with T and produce PT on both © 
sides, then PT is the required tangent. Fig. 133.2 (6) 

13.3(iii) To draw two tangents to a circle meeting each other at a given angl : 

Given: A circle with centre O, ZMNS is a given angle. | 

Steps of Construction: 

1.- Take a point A on the circumference of 
circle having centre O. 

. Join the points O and A. — 

3: Draw ZCOA of measure equal to that of | 

ZMNS. gowns S 








4, Produce CO to meet the circle at B. 
5.. mZAOB=180°—mZCOA 





, @ ss 
6. Draw AD perpendicular to OA. iy 
| Pa | = ire ee ie =e a ash 
7. : Draw BE perpendicular to OB. asaistiie tenia 


8. ADandBEintersectatP. 05 ota tn AD ernie five aie 


| ; s} aeht, dene oh 
9. mZAOB + mZAPB = 180°, that is, mZAOB: = 180°-) na wes : ua ‘ 
10. From step 5 and step 9, we have i rer th of Bs iby, : 
ad * PY, 
180° —m2ZCOA = 180°— | 4 


mZAPB=mZMNS 
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13.3(iv-a) To draw direct or (external) common tangents to equal circles: 





Fig. 13.3.4 (a) 
Given: Two circles of equal radii with centres O and O’ respectively. 
Steps of Construction: 
1. Join the centres O and O’. 


2. Draw diameter AOB of the first circle so that AOB 1 OO’. 

3; Draw diameter A‘O’ B’ of the second circle so that A’O’B’ 1 OO’. 

4, Drav7 AA’ and BB’ which are the required common tangents. 

13.3(iv-b) To draw transverse or (internal) common tangents to two equal 
circles: 

Given: Two equal circles with centres O and O’ respectively. 

Steps of Construction: 

1. Join the centres O and O07 

2. Find mid-point M of OO~ 

3. Find mid-point V of MO< " 

4 Taking point WN as centre and radius equal aN 
to mMN, draw a circle intersecting the ed 
circle with centre Oat points P and P A 

5. Draw a line through the points M and P 
touching the second circle at the point Q. 


6 Draw a line through the points M and P” 
pe the yee circle at the point Q ‘ Fig. 13.3.4 (6) 
Thus PO and PO’ are the required 
fransverse common tangents to the given 


an 








Fig. 13.3.5 (a) . Widid-dee oot 
Given: Two unequal circles with centres O,O’ and radii r, r’(r>r4 respectively. Mis 3 


Steps of Construction: | | weet pede 
1. Join the points O and O’. IT seat? 
2. On diameter OO ~ construct a new circle with centre M, the mid-point of 0027 ise 


3. Draw another circle with centre at O and radius = r — 7’, cutting the circle with 
_ diameter OO “at P and Q. Longs tees aS ii tie eral 
4. Produce OP and O@ to meet the first circle at A and B i ie: f aeney ade 























—; ——- = f 
5. Draw OA’|l OA and OB’ |i OB. | 7) aston RS aI ie FRR > SE 


6. pO 
Join AA’ and BR which ar the required direct common tangents. Laas wecsd mE. 
Thus AN and BN are the required common tangents. aye eat ear 
13,3(v-b) To draw to transverse or internal common tangents to two un ql val ; 
Circles: » asiots gutta os eal 
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Given: Two unequal circles with centres O, O’ and radii r, r respectively. 
Steps of Construction: | 


1. Join the centres O and O’ of the given circles. 
2. Find the mid point M of OO’. 
3: On diameter OO’, construct a new circle with centre M. 
4. _— Draw an other circle with centre at O and radius = r + r’ intersecting the circle of 
diameter OO’ at P and Q. 
5: Join O with P and Q. OP and 02 meet the circle with radius r at A and B 
respectively. 
-6. _ Draw OBI OA and OA'IIOB. 
= 1 oO o 
7. Join A with B’ and A’ with B. Thus AB and A’B are the required transverse common 
tangents. 
13.3(vi-a) To draw a tangent to two unequal touching rincles? 
Case I: 


Given: Two unequal touching circles with centres O and 07 

Steps of Construction: 

le Join O with O’and produce OO’ to meet the circles at 
the point A where these circles touch each other. Fig. 1 


2. _—‘ Tangent is perpendicular to the line segment OA. 


3. Draw perpendicular to OA at the point A which is 
the Tequired tangent. 

Caselli: 

Given: Two unequal ‘oucking circles with centres O and O¢ 

Steps of Construction: 

1. Join O with O% OO’ intersects the circles at the point 
B where these circles touch each other. See Fig. 2. 

2. Tangent is perpendicular to line segment containing 





Fig. case-I 





the centres of the circles. 
3. Draw perpendicular to 00° at the point B which is | 
we required tangent. Fi g, cas Sst 
Fig. 13.3.6 (a) 


13.3(vi-b) To. draw a tangent to two unequal intersecting circles: 
’ Given: Two intersecting circles with centres A and B. 








Steps of Construction: a én 
1. Take a line segment AB. ; 
2. Draw two circles of radii r and r, (where r > r;) with centres at A and B respectively. | 





























3. Taking centre at A, draw a circle of ; | 
radius r— ry. 5 
4. Bisect the line segment AB at point M. i 
5. Taking centre at M and | 
radius = mAM = mBM, draw a circle | 
intersecting the circle of radius-r — ry. 
at P and Q. j 
6. Join the point A with P and produce it to | 
meet the circle with centre A at D. Also 
join A with Q and produce it to meet the 
circle with centre A at C. | : ; 
le Draw BN parallel to AD, intersecting the Kier 1336 60) SS Fle Reyw: 
circle with centre B at T. SEE NEE. 4 in a 
8. Draw a line joining the points D an T. DT i is a common tangent ‘to the given two 
circles, LS, yi aai gUOA VW ea” ; = E: ; 
?: Repeat the same process on the other side of AB. CT is also a common tangent tothe wy 
given two circles. Sieh eee: es Sov. Ye 
13.3(vii-a) To draw a circle which touches both the arms of a Biv ones: pos ta 7 
_ < % hve 2 og) & ; a <= 7 
Given: An angle ZBAC. ssi ¥ 4 ee , f ‘ L% te it ae 
Steps of Construction: NE 25 DOR Of etna at nee et tn” 
> i ait : 
1.  DrawADbisecting ZBAC. 2 2 a IN ee 
; <-> . Woe iter gee ; 5 
2. Take any point 2 on AD. anion aii nies . 
ft Prsiit ne n o SUT. asive gb e 
3. Draw ET ndicular ‘to AC mK 
Pe ant mums rr 
intersecting AC at the point j ja ul) eos 





Draw a circle with centre .E and adits 









. : ( 
. » 4 f 
“4 * —s 7 
: § “. ‘ 
’ ~ 
. e. bo 
Sole, 
wae 7 
« a 


This circle touches both the arms of ook \ 
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13.3(vii-b) To draw a circle touching two convergent lines and passing through a 
given point between them: 





Fig. 13.3.7 (6) 
Ciyen: BS and CT are two converging lines. | 
Steps of Construction: 
1. Produced BS and produced CT intersect at A.. 
2. Draw AD bisecting ZBAC. 
5: Take any point E on AD. 
4. Draw EF perpendicular to AB. | 
ay Draw a circle with centre E and radius mEF, 
6. This circle touches AB and AC. 
7. ~— Draw AP which cus this circle at the point H. Join E and H. 
8. Through. P, draw PZ || HE intersecting AD at the point O. 
9. Draw a new circle with centre O and radius mOP. This circle touches both the lines. 


13.3(vii-c) To draw a circle which touches three converging lines 
f Note: It is not possible to draw a circle touching three converging lines. 








10. 
11. 





_ where P is the point outside the arc. Draw a tangent through point P to the arc. 


Draw two common tangents to two touching circles of radii 2.5. cm and 3. 5 cm. 


. The length of the Manele of a circle i is how 


Be: (@) 
) Circles having three points: ae ny “ sg ata 
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EXERCISE 13.3 


In an arc ABC the length of the chord IBC = 2 cm. Draw a secant PBC = 8 cm, 


Construct a circle with diameter 8 cm. Indicate a point C, 5 cm away from its 
circumference. Draw a tangent from point C to the circle without using its centre. 


Construct a circle of radius 2 cm. Draw two tangents making an angle of 60° with 
each other. 

Draw two perpendicular tangents ‘to a circle of radius 3 cm. 

Two equal circles are at 8 cm apart. Draw two direct common tangents of this pair of 
circles, . 
Draw two equal circles of each radius 2.4 cm. If the distance between their centres is 
6 cm, then draw their transverse tangents. | ; 
Draw two circles with radii 2.5 cm and 3 cm. If their centres are 6.5 cm apart, then 
draw two direct common tangents. | rt 

Draw two circles with radii 3.5 cm and 2 cm. If their centres are 6 cm apart, oer 
draw two transverse common tangents. 


ey eee cA bo mesa = 
= 1 « oom, 


. , * §, 
2 Oe a no ee = 
a 





Draw two common tangents to two intersecting circle of radii 3 cm and 4 cm. 















Draw circles which touches both the arms of angles (i) 45° Sor be CFSE AINE) \ 
iit i 
MISCELLANEOUS EXERCISE - 13 ~ 
Multiple Choice Questions 1 Gre Se 
Three possible answers are given for the following ‘questions. Tick (Y) the Sea 
correci answer. Senn) Oo ay Gir ie tii bla = =i a 
The circumference of a circle is ie | ope | 
@) chord (h) segment mann an 
A line intersecting a circle is culled pte oe. <i ee 
. soar Fea wii l ‘ ; ' 26 ; : 
_(a) _ tangent (by! seein (e) che lepers ae uh 
The portion of a circle between two radii and an are is. called — set 1s 3 
(a) sector (b) segment ts et aga iy Ds ¥ e ia a \s 
Angle inscribed in « semi-circle is thy ‘bieite fh ‘= -—- Fei ® Dict eae 
| Tt (ot peel ea rae ae ihe x ro) Pa ee ta 
(ey 5 (B). ae Sha PG ee aaa 
2 . a. ] hota — at a: 


y time nk 12, Ae a iin is of iat he « cl ircle’ 


vr » * ale: mz hy. —— = ¥* sO} ac 


(epee Wt ea (6). si seoa ween 13h oe 
The tangent and radius of acircle at the po int of conta Cl ates gs her aees 
parallel (6) nc aa “© per er pe an 1c ula ir 
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Ll 






a B 


| 


SOME ee |e 


E oo et Dans dee eee 
a eae ae 





(xvi) 
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; (a) overlapping (6b) collinear (c) not coincide 
(viii) If two circles touch each other, their centres and point of contact are 
(a) coincident (b) non-collinear ol (c) collinear 
(ix) The measure of the external angle of a regular hexagon is 
Oy UR Oo Ohne 
(x) If the incentre and circumcentre of a triangle coincide, the triangle is 
7 (a) anisoscenes (b) aright triangle (c) . anequilateral 
(x1) | The measure of the external angle of a regular octagon is 
@) aia () = 3 Ops 
(xii) | Tangents drawn at the end points of the diameter of a circle are 
(a) parallel .  (b) perpendicular ~ (c) Intersecting 
(xii) The lengths of two transverse tangents to a pair of circles are 
(a) unequal (b) equal (c) overlapping 
(xiv) How many tangents can be drawn from a point outside the circle? 
@ 1 Oy 2 Omn<3 
(xv) If the distance between the centers of two circles is equal to the sum of their radii, 


then the circles will 
(a) ___ intersect (b) do not intersect 

(c) _ touch each other externaly | 
If the two circles touches externally, then the distance between their centers is equal 
tothe 
(a) ~_ difference of their radii (b) sum of their radii 
(c) _—sproduct of their radii 


Coe) How many common tangents can be drawn for two touching circles? 


(xvii) How many common tangents can be drawn for two nisiout circles? 


2. 
@ 


(ii) 
M (iii) 


(a) 2. (b) 3 (c) 4 
Write short answers of the following questions 


Define and draw the following geometric figures: 


(@) ‘The segment of acircle. () » The tangent to acircle- 
(c) The sector of a circle. : (d) The inscribed circle. 
(e) The circumscribed circle. ne) The escribed circle. 


The length of each side of a regular octagon is 3 cm. Measure its perimeter. 
Write down the formula for finding the angle subtended by the side of a n-sided 


“polygon at the centre of the circle. 


Fill in the blanks cv 





The length of the side of a regular pentagon is 5 cm what is its perieser | 


ofacircle is called 
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(ii) The circumference of a circle is called | of the circle. 

(ili) The line joining the two points of circle is called . 

(iv) The point of intersection of pre bisectors of | two non-parallel chords of a 
circle is called the _ 

(v) Circles having three points in common will 











(vi) The distance of a point inside the circle from its centre is than the radius. 
(vii) The distance of a point outside the circle from its centre is ___ than the radius. 
(viii) A circle has only centre. 
(ix) | One and only one circle can be drawn through three ____ points. 
(x) Angle inscribed in a semi-circle isa___ angle. = 
(xi) If two circles touch each other, the point of __ and their are collinear. 
(xii) If two circles touch each other, their point of contact and centres are 
(xiii) From a point outside the circle tangents can be drawn. 
(xiv) A tangent is to the radius of a circle at its point of contact. 
(xv) The straight line drawn to the radius of a circle is called the ____ to the circle. 
(xvi) Two circles can not cut each other at more than__ points. 
(xvii) The 1-bisector of a chord of a circle passes through the __. 
(xviii) The length of two direct common tangents to two circles are to each other. 
(xix) The length of two transversé common tangents to two circles are to each 
’ other. 
(xx) If the in-centre and circum-centre of a triangle coincide the triangle is___ | 
(xxi) Two intersecting circles are not ; , 


(xxii) The centre of an inscribed circle is called 

(xxiii) The centre of a circumscribed circle is called 
(xxiv) The radius of an inscribed circle is called 
(xxv) The radius of a circumscribed circle is called 


SUMMARY | 
A circle of any radius can be traced by rotating a compass about fixed point. 


The perpendicular bisectors of two non-parallel chords of a circle intersect at a point” 
which is known as centre of circle. ; 








i 
- = 
= a ee fone. == s 










> 
> 
> A circle can be drawn through given three non-collinear points. 
> When a part of circumference of a circle is given, the circle can be completed. 
> If a triangle; the circumscribed circle, inscribed circle and escribed circle opposite to. 
each vertex can be constructed. os | 
> If a circle is given, then the Croumscibed wd iste equ times can bo ei aane 
=" constructed. Poets 
> For a given circle, the circumscribed and inscribed squares can be drawn. oes 
ee ma For a given circle, the circumscribed and ingest re gis ‘hexagon can be 
constructed. : ; } 


























. 240 
3 to a given arc as its mid point its any end paints and a point 


of =r 


a i —— ki : an 


1 be dra dra wn to a given ercle’ when a ie is an its Santee: and 


m a point outside the circle. 


ents to two unequal touching circles can be traced. ? ‘wi 
t or trans} on tangents of two Sea cries 0 or two unequal circles can 


' TSE ( dee io 


mare zat ss FUR Cees Agta" . 


ta circle touching the arms of a given angle. ) Ke 


af #) Bnew 


ircle a sing g through a given point’ between two converging lines and tongs 
ch of ther em , can be traced. | | 
PLS 4 eer eae ue : 4 


“Vat Feds x oe 2 
Bsa eins bird. iti 4 tt eed oa jay { 
Sail Bide Hitsanch Haihes cbt 











ons ‘est: Walls 2 iMWetagen att Fe ; / 7, ae ' 
Yate ors Veueet . , . > - . 
ae Ss) - i ; ba . ‘ ‘ 
4 ' ee ; - 4h = =! = Ses 7 - 
oi iv 
te hal fm Ve: ‘ ao 
i Pe we : mm Ned yay irene res — ; . WS 4 
* wn aa _- — es. at: * © mura qs ‘ ee a | 4 # ef oa” 4 
= Deir ; | ch Li | 
Fis Stine oa _~ . 2 E 
i ee - pats = Ll s ae he, : A : 2 a Lee ry ha 
eae 3 Sl ea bois WS tS Aa eS Ft: gS 2 be t 
| ae tor ae %y, ‘ ing Witte HM ; > < 
e = a ahs > . 
aa en x) = sé e ke ‘ 47) “y " " 
res We 
* 
| 
is. 7) i ‘ a Fe . 4 _ ‘ 4 
7 
j hs a | + 
- —- Sa = . 7 
+ ’ ei hay _ oe fae . ‘* ey >?) ri ‘ * 1 
2 ae) Pe ] Zz) i U ’ q 







bakes MBsUD atrleas M4 + kes : 
ot eat Bist > . Pa vart gon te. ra reat “i 2 4. : 4 : a Ys -# a 
ie Ps oe Se eee ai 4 
> tte a Bete) WEE TE St 
ert tas (ox be cond yi 5 oe re ‘j csehTh , rr? rl | \ 
in, i - : ' 
Onn we ai) wae as ie th of Siens 
ASE ie Mi 4 ie % ‘i 7 ¢ i = * a 
: . in 225 ‘ he eee’ th} fe $ A) ag Gh OE 
ut = + ai 4 «! Lig! Se ‘al e 
SA faye ui i Tn bee i thazt Vi . 


; rt 
Pe! 
_ 
teh 
a, 
f ~s 






7 RASS pisessy ie $Y < 
ebaaeaiied 


is 






(aii) 
(v) 


(iv) 


(iv) 
(vii) 
(x) 
it, (i) 
(iv) 


(Vii) 


(ix) (a+, dero} 






(24 233| 
[8 | : 


- ; ‘ . 1 . 
A lesa’ : 5 


* (216, oot 















ANSWERS =| 





EXERCISE 1.1 
quadratic, x7+4x-14=0 (ii) _ quadratic, 7x? 3x+7=0 
quadratic, 4x2+4x-1=0 (iv) pure, 2-1-0 
pure, x*—20=0 (vi) quadratic, x*+ 29x + 66=0 
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EXERCISE 1.4 | 
; 3 2 {i}. G Extraneous 3. : tet (1 Extraneous) 
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it ! - 9. clint + e} 10. ae ss s 11. {—3, 0} 
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MISCELLANEOUS EXERCISE 1 
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8 _ \EXERCISE25 

i x-6x+5= 0 (b) x*-13x+36=0 
: -x-6=0 -() 2 +3x=0 

(© x+4x-12=0 () x2+8x+7=0 

—  @ 2-24+2=0 = ()— #- 6 +7=0 

2. Oya aS 8x +31=0. —(b) x2 43x + 36=0 

5 7@ (GP-3r41=0 2 Px +2=0— 

- eo 2x2-Tx+3=0 STi 

oe 7-202 = 0) gP-GP-24)x4+q=0 
1G) =O) O@=x+6: R=-7 (ii) Q(x) =4x2-12x+31;R=-78 
ii) CO ak R=8 - 


2 J mic 


GW) h=6 = SGil)— h= 2s 
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EXERCISE 2.8 
13, 14 er Ce = “12 
age TE 5: a es 81 Sree er “= 
G,6).(63) 8 x=S,y=4 9 MT 

25cm by 15Scmor15cmby 25cm sxe oi iP 

MISCELLANEOUS E EXERCISE 2 atT >. S ees 
Multiple choice questions: — ih ie Sie ey 
0 © £@& ®- a (b) Gy) Ga Oe 
(v) ©) (vi) (b) (vii) (c) (viii) @ a || 
(ix) (dd) ® © i) @ (Gi) @ Lean 
Gili) © (xiv) (d) av) o (xvi) (a) + 
Short questions: = . te . a 
(i) (a) imaginary | © (real) rational, unequal a | 
 (C) (real) irrational, unequal (d) (real) rational equal. = 
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EXERCISE 3.4 Pm 
2 2 ww 2 (iii) sO-8) {iv) °.. oe 
9 1! 4 git aly > AS 2 . . 
Wy 2 (vi) Bee (vii) tN > (extraneous root), > or { } 
(viii) {2p,-2p}  (ix)_—{7} poe 
EXERCISE 3.5 C~x 14%" 
14u2 28 iy, 4 _ SP 2 9 I | 
ees os 2. Weg ite 3. DS a oe 
Txt 21 Ixy 14 135) 5 | 
4. 4 dyz3’ 2 5 ya, 3 6 TS "un Sap + 
EXERCISE 3.7 ° ae fF 
1. = (i) A= 48 Sq. Units (ii) 1=2 [ee ee 
2. S=4n,r=3 ; tic ea bys 
3. (i) S=2.Sin (ii) F=16lb om ods ast peta ia | 
4. _1=45ep 5.  d=20ft 6. - Rs. 297000 = 
7. 1=20ft 8. p=052hp 9. __§ SOO). ag 
ctavl’ bes See . 
WISCELLANEQUS EXEROIE 8 3 GEE Ne | 
1. Multiple choice questions: | | Toe Cred tae 
(i) &) (ii) © Gil) ©) Wk” ia 
(vy) ©) (vi) (@—) =» Wii) @ . (iil) Oy <>.) ae 
(ix) (a) (x) (a) a) © Hl) Ma a 
(xiii) (a) (xiv) (d) ~@y) @ 
2. Short Questions: _ 
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Miscellaneous Exercise 4: 
lL =) ©) (ii) (c) Gi)®) WO We. 
(vi) (c) (vii)(b) . = (viii) @ (ix) ®) (x)(c) - | 

a4. "5 ee il 1 » z 
(Y42*x4+3 ) 2@= 1) 2641) 


pee 3 1 1 sas 1 5 = 3 _ 2902 so Ase 
(vit) ae =a (vill) 523° @=3y ts : : “hb t ; 
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(ix) > i= + Age =| _ (x) Yes it is an identity. ; 























Unit 5: Sets and Functions |. 4 eats r 
_ EXERCISE 5.1 Lo F Qo) = a el 
[Gye (1, 2,4, 5,7, 9} (Gi) (493 Gi). (152)4, 5,759} 

_ (iv) {4,9} a f . H. <3 peel 

2. Gj) YU{13,17} Gi) YU{13,17) © (ii) 23,5, 1, 11} ‘ : 
mGy)?={2, 3, 5, 7, 11} : | ‘eek oo ee 
eG ru)... toe © Opa Pay, 
ae) oe (v) @ wT toh. > Bae 
4. =6@)_~—s 18, 20, 21, 22, 24, 25} | e(ii), ae (18520,;21522;24;, 25) (4 . 
(iii) {4,5, «++, 10, 12, 14, 15, 16, 18,---,25}) [7 ore, - i : 

(iv) {4,5,---, 10, 12, 14, 15, 16, 18, ---, 25} Ee Fe OY ~ vit aed a a 


5. @i)_—{2, 6, 10, 14, 18} Gi) (24) 0 SE D ca 
6 = (i) @D | (ii) {0} inn OH: anil ~ iA poate . ir Eg a : 


P EXERCISE 5.2 eae! ae | 
. {0,.1,2,3,+-+,20,23) Gi) (0,1, 23 y Gi 













avi eS TES oF Ayu (de2na 5s 1 us 
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viii) {3, 5,7, 11, 13, 17, 19}. - ee | 
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i AKA = {(, 0), (, 2), (0, 4), (2,0), (2, 2), (2, 4), (4, 0), (4, 2), (4, 4)} 
Pg? = (CD. =ih 9)G. =1),.G,3)} 

OE | a=6, —_— @) a=1, 6=7 Gi a= 7, b=-6 
aX = {abc 4); Y= (a). 

@ 6 6 di) 9 

ike oe.  EXERCISES.5 
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(vi) Relation | AR ~ . | 
Dom R, = {1, 2, 3} ;  RangeR,=(2,3,4) | Bi 
(vii) | One-one into function ; ee |” ee | I = | 
Dom R, = {1, 3, 5} so» pRAaNBORG = (D1 5) ee ea ts 
(viii) Relation an . a | 
aq Dom R, = {1, 3, 7} ; RangeRg={a,b,c} . se e° 
‘/ MISCELLANEOUS EXERCISE 5 ~ eee : 
1. MCQ's. “oe Re TD sios T7005) 2 if 
oO © @ © @# © WM O WM) @= ' 
Wi) © Wi @ Wi © @® © @&® @ | { 
(xi) (Cc) (xii) (Cc) (xiii) (a) (xiv) @ , &Y) ©), , ‘i 
(vi) ©). vi) ©). Gv) © GH) OO, © - t 
2. Short Questions: ) (The isl re | 
(i) Def. Ex. A= {1, 2,3}, B= (1, 2,3,4,5}: Ais a subset of B. ee ¢ 
(i) {a}, (5), (a, 5) . | | 
®@ @ AnBy=a'uB uaa 
3. Fill in the Blanks: | te me fot | 
@ B  ——— Gi) _ Disjoint sets (iii) Ne pages 
fv) (ANB)UANG () GUB)AALO sega 
(vi) 4 (wii) UU (vii) “3, sisi 
(ix) U (x) A\B. (xi) Seas a 
(xii) Vth quadrant. (xiii) Zero _- aaa : 
(xv) {a,b,c} - (xvi) {a, b,c} nn a edith, ven ee Le 


(xvili) Binary relation (xix) onto | — ay (xx) not a ae 
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ans hk 
6. IAM=902 G.M=8.553 H.M = 8.089 
— ral Ge Mode=9,4 . - - Median=7 
> 8: Mode =2 Median = 2 
9, *Mean=10.478 == Median= 10.625 Mode = 13.5 
i 210: @ Weighted Mean = 74 marks (ii) Mean =72.8 marks 
i AL ‘Weighted Mean = 41. 15 rupees per litre 
.. 12 as 
us oat [ono [os_[ons | 07a [9 [0 
ei lf ilizaess| Lanes | 159.39 1178 | 195.35, 508.67 | 200 EE 
are EXERCISE 6.3 
aa ae ieee SD. = 1417.886 
ae ae «@ SD.=487 (ii) SD. =3.87 b- Variance = 6.85 
‘Mean =27.0935 _—_‘S.D. =3.136 | 
ee = 43 ama bins 
t _ MISCELLANEOUS EXERCISE 6 


9% @®% wf © MO MH. 
Wi) @ HH) @ wi) @®@ WOH & © 
(xi). ©) Ke (@) Gi) © GO &)@ 
ae pe xvii) )_ (xviii) (b) ~—(xix)(@)_ (xx) (b) 
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—150° 





—~90° , ie: 

2. (i) 45.5° (ii) 60.5083° (iii) 125.3839°, Bani AB M 

3. (i) 47°21'36” ° (ii) 125°27’ (aii) 225°45’ «ivy 22°30 (v) 6793448” 
(vi) 315°10’48” 


" . cena WOR : 51 —5r 
4. (i) 6 (ii) B55 (111) 4 | _ (iv) rae (tes (v) 76% 
=s . . ‘ gil | 
(vi) 4 = (vii) om (viii) a : i 
5.“ @135° | iy 150° iii) 157.5° (iv) 146.25° (w) 171.8869°  * 
“ (vi) 257.83° (vii) =| 57:5? (viii) —146.25° i: opts (3 F 
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Mie 2 at ,, : EXERCISE 7.2 1) Sea nat LEE ‘s 
(i) 0.57rad_ (ii) 1.8rad 2. (i)15.4cm = (ii) 15.84 mm | ! 
a (ii) 66.1818 cm Ae. A8maey 5 Sig I 220m * fi {SH 
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Uf 3 ‘FL Sine LR | : 
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A MUP w 


2 
2 —5 
sin@= ; cosecO=— 4 > cosO= ed sie ; 


sede eR 


, : Positive coterminal angle is 260° 
OQ". negative coterminal angle —360° — 100° = 460° 


0° — Positive. coterminal angle 220° 
-500° negative coterminal angle —140° 


(iy). 180° ) 


270° 


i) 90°, 180° ~ Gi) 270°: 360° (iii) 540°, 630° (iv) 0°, 99° 

O05 Wen Giro, 7 som 

@Ol Gi) (ii) IV_ (iv) (WI (vi) 
(i) +ve (ii) —ve - (iii) —ve (iv)—ve (vy) +ve (vi) —ve 


: 5 3 piv = altho my) 
ys ee COs seco= — V3. tand= => cotg=- 


=5 =3 5 3 
Gi) I, sing== ; CosecO= — = ; COosP=— 5? » SeCO=—; tang== 3° ; cote@= A 
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(ii) me cosec@ =~ at 
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(in 3 «> wi (xi) F 
















P EXERCISE 7.4 
I. tan2x 2 tan2x 3. sinx 4. sin2x 
5. tan2x 6. cos2x | 
/ - EXERCISE 7.5 
I = 59.749 2. 18.652m 3. 75.5° or 75°30’ 
4. 27.47° 5. 4924.04m 6. 3356.4m 7. 28.72m_ 
8.  . 0.199miles 9 


. 25.94 feet 10. 2928.2 feet _ 11. 164m ; 164m (or 163.93) 
12, 20.33 meter A tid cS 


MISCELLANEOUS EXERCISE 7. 


Q.1. (i) (a) (ii) (d) (iii) (c) . (iv) ® (v) (c)- 
(vi) (6) (vii) (a) (viii) (b) (ix) (c) (x) (6) 





Q.2. (iii) 10800’ (v) 45° (vi) Fyrad. (vii) 2rad. (viii) 71.27em (x) 
OSG) 180° Gi) Gi)IV.. > Gv) 5) W)6em™ EE 
(vi) 2k + 120° where k= 1 (vii) 8 = 30° or g rad (vii) 2 (ye i =o kal a . i 
1—sin@ oan ] | 


(ix) cosec2@ | 0) as £058 — me 3 arte 







1. 2.646 cm 
EXERCISE 8.2 — cine a 


at & bey acts i & 


1 mBC~5.29 om 53g 025m sas, e:: 
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: sce aenus xEOS 8 ~ a; A Sa 2) sl t 
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GLOSSARY 


An equation which contains the square of the unknown (variable) 


quantity, but no higher power,.is called a quadratic equation or an 
equation of the second degree. 


A second degree equation in one variable x, is ax* + bx +c =0, 

a# 0 and a, b, c are constants is called the general or standard form of 
a quadratic equation. Where a is the co-efficient of x, b is the 
co-efficient of x and constant term is c. 

An equation is said to be a reciprocal equation, if it remains 


unchanged, when x is replaced by _ 


In exponential equations variable occurs in exponent. 


An equation involving expression under the radical sign is called a 
radical equation. 


The expression “b? — 4ac” of the quadratic expression ax? + bx + c is 
called Discriminant. | : 


The cube roots of unity are 1, @ and @”. 
Complex cube roots of unity are ® and @?. 


(a) The product of three cube roots of unity is one. i.e., 
(1) @) (@?) =a =1 


 (b) Each of the complex cube roots of unity is reciprocal of the 


other. 

(c) Each of the complex cube roots of unity is the square of the 
other. 

(d) The sum of all the cube roots of unity is zero, i.é., 
1+@+@*=0 

The roots of the quadratic equation ax? +bx+c=0, a#0 are 


ab+b—4ac ., p_=b=-r\h—dac 
a= Ia and B= 


2a 
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Sum and the 
product: 


Symmetric 
functions: 


Formation of a 
quadratic 
equation as: 


Synthetic 
wa division: 


Simultaneous 
equations: 


Ratio: 
Proportion: 


Direct variation: 
Inverse variation 


Theorem on 
proportions: 


(4) Theorem of Dividendo | ot tbe? uae 


CS ee ee Pee TE 


The sum and the product of the roots of a quadratic equation 


a+ p= and op = = 


Symmetric functions of the roots of a.quadratic equation are those 
functions in which all the roots involved are alike, so that the value of 
the expression remains unaltered, when roots are interchanged. 


— (sum of the roots) x + product of the roots = 0 
= x*—(a@+ B)x+ aB=0 


Synthetic division is the process of finding the quotient and remainder, 
when a polynomial is divided by a linear polynomial. 


A system of equations f (x, y) = 0 and g (x, y) = 0 having a common 
solution is called a system of simultaneous equations. 


A relation between two quantities of the same kind is called ratio. 
A proportion is a statement, which is expressed as equivalence of two 
ratios. . 
If two ratios a : b and c: d are equal, then we can write @: bD=c:d 

a a aloo 
If two quantities are related in such a way that when one changes 3 in any 
ratio so does the other is called direct variation. 


If two quantities are related in such a way that when one quantity 
increases, the other decreases is called inverse variation. 


(1) Theorem of Invertendo 
Ifa: b=c:dthenb:a=d:c 
(2) Theorem of Alternando 
Ifa:b=c:d,thena:c=b:d 
(3) Theorem of Componendo 
If a:b=c:d, then 
(ee atb:b=ct+d:d * 


(ii) a:at+b=c:ct+d 


If | a:b=c:d,then 








- 


Glossary : 266 





(i) a-b:b=c-d:d 
(ii) a:a—b=c:c-—d 
(5) ‘Theorem of Componendo-dividendo 
If a:b=c:d, then | 
atb:a-—b=ct+d:c-d 


Joint variation: A combination of direct and inverse variations of one or more than one 
variables forms joint variation. 


K-Method: 


ance 
ees, d 
Then sare or a=kb and c=kd 
If  f=G=G=k then a=bk,c=dkande=fk 
Fraction: _.. A fraction is an indicated quotient of two numbers or algebraic 
~ expressions. 
Equation: ; An equation is equality between two expressions. | 
Identity: : _An identity is an equation which is satisfied by all the values of the 
variables involved. 
| a: - An expression of the form ne , where N(x) and D(x) are polynomials 
. in x with real coefficient, is called a rational fractional. Every 
25 oe m7 fractional expression can be expressed as a quotient of two 
Pes ie | polynomials. 


A rational fraction He , with D(x) # 0 is called a proper rational 


fraction if degree of the polynomial N(x), in the numerator is less than 
the degree of the polynomial D(x), i in the denominator. 








A rational fraction DG) A with D@) # 0 is called an improper fraction if 


| degree of the polynomial M(x) in the numerator is greater or equal to the 
foros ace of the polynomial De) in the denominator. 
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Set 

Union of sets 
Intersection of 
sets 

Difference of sets: 


Compliment: 


Closed figures: 


Specific order: 


Cartesian 
product: 


Function: 
Binary Relation: 
First elements & 


second elements: 


Into function 





denominator D(x) consists of non-repeated linear factors. 


(a) 

(b) denominator D(x) consists of repeated linear factors. 

(c) denominator D(x) contains non teres irreducible quadratic 
factor. 

(d) denominator D(x) has repeated quadratic factor. ut 


A set is the well defined collection of distinct objects withsome 


common properties. 


Union of two sets A and B denoted by A U B is the set containing 
elements which either belong to A or to B or to both. 


Intersection of two sets A and B denoted by A - Bis the set of common 
elements of both A and B. In symbols AN B= {x:Vxe Aandxe B}. 


The set difference of B and A denoted by B —A is the set of all those - 
elements of B but do not belonging to A. 


Complement of a set A w.r.t. universal set U is denoted by A° =A’ 
= U—A contains all those elements of U which do not belong to A. 


British mathematician John Venn (1834 — 1923) introduced rectangle 
for a universal set U and its subsets A and B as closed figures inside this 


rectangle. 


An ordered pair of elements is written according to a specific order for 
which the order of ‘elements is strictly maintained. — 


Cartesian product of two non empty sets A and B denoted by AXB 
consists of all ordered pairs (x, y) such that V x € A and V ye B. 


Suppose A and B are two non empty sets then relation f: A = Bis 5 
called a function if (i) Dom f= set A (ii) eve: xé A appears in one and ‘4 
only ordered pair € f. . conta ee 
If.A and B are any two non-empty sets, then a subset R CAxBis Bhd os 


called binary relation from set A into set B, because there bic 
relationship between first and second clement ofeach andes erec d p 0a rin R 


Dom fis the set consisting of all first elements of ea 
and range fis the set consisting of all second el 
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Onto function A function f: A — B is called an onto function if every element of set B 
is an image of at least one element of set A i.e., Range of f = set B. 


- QOne-one A function f: A — B is called one-one function if all distinct elements 
function: of A have distinct images in B 
Bijective A tule f: A — Bis called bijective function iff function fis one-one and | 
function: onto. 
Constant A function f: A > B is called a constant function if V x € A. There is 
function: an element C € B such that f(x) =C. 


Identity function: A function f: A — A is called Identity function if V x € A we can 
associate some unique image element x itself such that 


f(x=x VxeEAd. 





Frequency A frequency distribution is a tabular arrangement classifying data into 


distribution: — different groups. 
Class limits (a) The minimum and the maximum values defined for a class or 


group are called class limits. 


(b) The real class limits of a class is called class boundary. It is 
obtained by adding two successive class limits and dividing the 
sum by 2. — 

(c) For a given class the avetage of that class obtained by dividing 


the sum of upper and lower class limit by 2, is calc the 
midpoint or class mark of that class. 


(d) The total of frequency up to an upper class limit or boundary is 
' called the cumulative frequency. 


Histogram A Histogram is a graph of adjacent rectangles constructed on XY-plane. 


Arithmeticmean Arithmetic mean is a measure that determines a value of the variable 
under study by dividing the sum of all values of the variable by their 
number. — Nhge 

Deviation A Deviation is defined as ‘a difference of any value of the variable 
from any constant’. Dd, =X; —A, 


onsen pacer <ebata bats of a vafiable Xih the n™ positive root of the Serie of 
bist the x, % Ky yrrevssnrf Xp observations. In symbols we write, 





Harmonic mean 


Mode: 


Median: 


Dispersion: 


Range: 


Variance: 


Standard 
deviation: 
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Harmonic mean refers to the value obtained by reciprocating the mean 
of the reciprocal of x,, X,,%3,.+....-.-,%, Observations. 


Mode is defined as the most frequent occurring observation of the 
variable or data. 


Modes L+—28 = eer 


2f, nn f = J: yi 
Median is the measure which determines the middlemost observation in 
h ) 
adain'sst.. “SDMCHER =1+2{7-¢| 
FZ 


Statistically, Dispersion means the spread or scatterness of observations in 
a data set. 
Range measures the extent of variation between two extreme 
observations of a data set. It is given by the formula: 
Range = X,.5 — Amin = 4m — 40 
Variance is defined as the mean of the squared deviations of x; 
G=172°0. , n) observations from their arithmetic mean. In symbols, 
| fi 
Pe am 0.2.9) 
Variance of X = Var (X) = S2 = =__—_- = =" 
n n 
Standard deviation is defined as the positive square root of mean of the 
squared deviations of X; (i = 1, 2, ....., n) observations from their 


arithmetic mean. In symbols we write, 





Standard Deviation of X = §.D (X) = 





If we divide the altouteterenee of a ASP into 360 equal arcs, . Then the 
angle subtended at the centre of the circle by one arc is called one 


degree and is denoted by 1°. 


The angle subtended at the centre of the circle by an arc, whose length — 
is equal to the radius tee is called one radian, | 
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Relationship 
between radian 


and degree 
measure: 


Relation between: 
angle, arc length 


and radius: 


Area of a circular 


sector: 


Coterminal 
angle: 


* 


Quadrantal 
angle: 


Standard 
position: 
Trigonometric 
ratios: 


Trigonometric 
Identities: 


Projection: 


Zero dimension: 


an 


Tt : a 
1° ==> radian , ~ 0.0175 radian and 1 radian = a , ~ 57.295 
180 AL 
degrees. 


Relation between central angle and arc length of a circle: 


] 
Area of acircular sector, A= 77°8 
Two or more than two angles with the same initial and terminal sides 
are called coterminal angles. 


An angle is called a quadrantal angle, if its terminal side lies on the x- 
axis OF y-axis. 


A general angle is said to be in standard position if its vertex is at the 
Origin and its initial side is directed along the positive direction of the x- 
axis of a rectangular coordinate system. 


There are six fundamental trigonometric ratios (functions) called sine, 
cosine, tangent, cotangent, secant and cosecant. 


cos?@+ sin2@ = | 


(b) .sec?@ —tan2@ =1 


Trigonometric Identities(a) 


(c) cosec?@—cot?@ = | 


The projection of a given point on a line is the foot of drawn from the 
point on that line. However the projection of given point P on a line AB 
is the point P itself. 


The projection of a finite line on an other line is the portion of the latter 
intercepted between the projection of ends of the given finite line. 
However projection of a vertical line on an other line is the join of these 
two intersecting lines which is of zero dimension. 


An angle which is greater than 90° is called obtuse angle. 


_ An angle which is equal to 90° is called right angle. 
An angle which is less than 90° is called acute angle. 


~ A circle is the locus of a moving point P in a plane which is equidistant 
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the circle is 
1a t N. The fixed paint N not lying on 
. se ~tant distance PN is called its radius. 


Circumference: 2m; is the circumference of a circle Witn 1a. 





Valitwu cesw ~ Sie 


Circular area: tr? is the circular area Of a circle of radius y. 


Collinear points: The points lying on the same line are collinear potnse otherwise they 
_. are non-collinear points. 


Circumcirlce: The circle passing through the vertices of a triangle is called its 
circumcirlce where _L bisectors of sides of the triangle provides the 
centre. wes 

Secant: A secant is a st line which cuts the circumference of a circle in two 
distinct points. | 

Tangent: | A tangent to a circle is the St line which meets the circumference at one 


point only and being produced does not cut it at all. The point of 
tangency is also known as the ‘point of contact. AB is the tangent: ‘line to 


the circle C. 
Length of a The length of a tangent to a circle i is measured from the given point tp to 
tangent: __ the point of contact. couadia’ | 
Sector: . The sector of a circle is an area bounded by any two radii and thevare 
intercepted between them. 


Central angle: A central angle is subtended by two radii at the centre of the circle. 


Circumangle: A circumangle is subtended between any two chords of a circle, having 
common point on its circumference. 


Chord: a ae join of any two points on the circumference of the circle is called . 
s its chord. 7 “as 
FY ieee en = =} 
_ “Cyclic ny A quadrilateral i is called oyelic when a circle can ‘he drawn a through its ae 
quadrilateral: — four vertices. ie 
| men ‘a at va 


In-centre: In-centre of i a triangle i is the centre of acircle inscribed i in a triangle. © i 
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Circle: 
Radius: 


Perimeter: 
circumference 


Diameter: 


Arc: 
Triangle: 


Polygon: 


Regular polygon: 


Vertices: 
Locus: 


circle: 
Escribed circle: | 


Circum circle: 


In circle: 


A "circle" is locus of a moving point in a plane which is equidistant 


from a fixed point. The fixed point is called “centre” of the circle. 


The distance from the centre of the circle to any point on the circle is 
called radius of the circle. 


The perimeter of a closed geometric figure is the sum of its sides. 


The perimeter or length of the boundary of the circle is called the 
circumference. 


A chord which passes through the centre of the circle is called diameter 
of the circle. 


A part of circumference of a circle is called an arc. 


A plane figure formed by three straight edges as its sides is called a 
triangle. 


A plane figure with three or more straight edges as its sides is called a 
polygon. 

A figure bounded by equal straight lines which has all its angles sag 
is called a regular polygon. 

The corners of a polygon are called its vertices. 

The path of an object moving according to some rule, is the /ocus of the 
object. 

If a circle passes through all the vertices of a polygon the circle is said 


to be circumscribed about the polygon and the polygon is said to be 
inscribed in the circle. 


If a circle touches one side of a triangle externally and the other two 


produced sides internally, is called escribed circle. 


The circle passing through the vertices of triangle ABC is known as 
circum circle, its radius as circum radius and centre as circum centré. 


A circle which touches the three sides of a triangle internally is known 
as in-circle its radius as in-radius and centre as in-centre. 
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